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AESTRACT 

The purpose of this project was to determine if the 
method of subtraction of integers taught to seventh grade students 
affected their mathematics achieveinent or retention, computation, 
concept, and problem-solving sections of the California Achievement 
Test were given as pretests and posttests. An 

investigator-constructed test of the addition and subtraction of 
integers was also used as a pretest, posttest, and as a retention 
test one month after completion of the treatments. The project was 
divided into two studies. The first study involved 140 students and 
three teachers, and compared the Complement Mathod of subtraction to 
the Related Facts Method, Results ahowed a statistical differerice in 
the area of concepts, favoring the group taught the Related Facts 
Method. No statistical differences were found in the areas of 
computation, problem- solving, or addition and subtraction of 
integers. The second study involved 90 students and two teachers, and 
compared the Complement Method of subtraction to the Systeins Method, 
Statistical differerice on the retention of the subtraction of 
integers favored the Systems Method. Statistical difference on the 
retention of the addition of integers favored the complement Method., 
No statistical differences were found in any areas of immediate 
achieveinent in the second study. (Author/DT) 
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ABSTMCT 

The purpose of this etudy was to determine If the method of 
subtraction of Intagere taught to seventh grade studento affected 
their achievement or retention in addition or subtraction of Integers 
Their ablilty to work iubtraction pfoblems Involving three Integeri 
was also neasured« ^elr achievement In the areas of (1) computation 
(2) concepts y and (3) problem solving^ as measured by the California 
AQhlevement Teit^ level foury sections 3, 4 and 5, was also measured « 

Two school Districts participated In the study. In District 
One there were 'three teachers and 140 seventh grade studeAta that 
participated in the study. In District Two there were two teachers 
and 90 seventh grade students that participated in the study. Each 
of the teachers taught an experimental group and a coiitrol group to 
control as much as possible the teacher variable and each teacher 
devoted an equal uiount of time to the teaching ef the unit in each 
of their groups. 

A pretest and a post-*test were administered to each group 
and their achievement was measured by the change in meani on these 
two tests* One month after the completion of the eKpertmentp a 
retention test was administered and the groups* retention was 
meaaurid by the change in means from the post^-test to the retention 
teas* The areas measured by these tests were addition of two 
integers^ sub traction of two integeri, transfer of Complement Method 

Iv 
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to subtraQtidn of ratianal numbirsi use of whole nyabere ir* sub- 
traction of whole numbers and subtraction of threa Integars. 

The California Aehlavemtnt Test (1970 Edltien) sections 3, 
4 Bnd 5p Form A was adminiitered as a pretest and Form B of the 
test wag adminiitered as a post*test. The areas measurad by this 
teat were eomputatlonp concepts ^ and problem solving. 

In District One the control group was taught the Related Pacts 
Method of subtraction and the experimental group was taught the 
Complement Method of subtraction of integers* There was a statlstleal 
difference In favor of the control group la achievement in the area 
of concepts as measured by the California Achievement Test (1970 
Edition) section 4, There were no statistical differences between 
groups in achievement or retention in the areas of addition of 
Integers or subtraction of Integers, There were no statistical 
differences between groups In computation or problem solving. 

In District Two the experimental group was taught the ComplemMt 
Method and the control group was taught the Systems Method of sub^ 
traction of Integeri, There was a statistical difference in favor of 
the control group in retention in the area of subtraction of integers , 
and there was a statistical difference in favor of the experlmantal 
group in retention in addition of integers. There were no Btatlstlcal 
differences between groups in achievement In addition or subtraction 
of integers, or In computatloni concepts, or la problem iQlvlng. 
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Oiapter 1 

THE PROBLEI AND DlFINmONS OF 

Textbooks presentiy used In Che upper elementary grades use. 
dlfferant nethoda of Introducing Integera and operations with Integers 
Professional Journals eoneemed with problems in teaehlng, regularly 
contain articles about Intrcrfuclng integers and their operations to 
scudents. 

There has been a great deal of research into the subtraction 
Of whole numbers but there seems to be -rery few cases where there has 
been research into the subtvaetlon of Integers, Im light of the fact 
that there has been very little research into the relative merits of 
the different methods of subtraeti.en of integers It seems plausible 
that such research should be fortticomlng. 

TOE FROBLEM 

Staeemant of the^ Problem 

It was the purpose of thle study toi 

1. Compare the aehlevemhnt of studencs taught to perform 
different Bethoda of subtracting two Integers. 

2. Gonpare the retention of kncpwledge and aklll possessed 
by atudents taught to perform different methods of aubtfaetlon of two 
Integers. 

3. Determine If the method of subtraetlon learned affeeted 



2 

the etudents' ability to work with subtraction problems involving 
three Integere , 

4, Determine if students would transfer the use of the 
subtraction method employed by the Investigator to subtraetion probleme 
involving positive rational numbers, 

5, Determine if the method of subtraction employed by the 
Investigator would affect the students' achievement or ratentlon in 
addition of Integers* 

Importance of the Study 

There has been research in the area of subtraction of whole 
numbersg^ and there has been some research into the question of whether 
or not a student can do subtraction of whole numbers by learning the 
"negative number subtraetion method*"^ The majority of the studies 
dealing with subtraction involved subtraction problems where the 
minuend was larger than the subtrahend and both were whole numbers. 
However, a study by Coltharp considered different methods of subtracting 
integers* His study cqmpared the use of ordered pairs with the use 
of the number line as a model for the integers. In this study, however, 
the students* overall achievement was measured and there was no mention 



Brownell^ W*A* and Moser, H*E. ^ "Meanlngiul versus Mechanical 
Learningi A Study in Grade III Subtraction." Duke University Research 
Studies in Education, No. 8 Durham, N.C,, Duke Univariity PresSp 1949, 
2 

Qranp lldon Edward^ "A Study to Determine Whether the Ne|atlve 
Number Subtraction Method Can Be Learned and Used by Elementary Pupils," 
Doctoral Dissertationp Ann Arbor p 1967, 
3 

Coltharpp F«I,,, "A Comparison of the Effectiveness of an 
Abstract and a Concrete Approach in Teaching of Integers to Sixth 
Q Grade Students p" Doctoral Dissertationp Oklahoma State University, 1968* 
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of the students' achievement in a specific area such as aubtractlon. 
Since Coltharp's study did not Investigate the method of subtraction 
employed by this investigator and advocates of particular methods 
seem to have chosen their position, relative to a method o£ subtracClon 
on the basis of conjecture or a confident feeling, reeearcfi into this 
area of elementary mathematics Instruction was felt to be needed. 

DEFINITIONS OF TERtiS USED 

^* A ehlevement . Cain in mean score between pretest and post- 

Cest. 

2, Retention. Gain or loss In mean score between post- 
test and retention tef t, 

3, Complement Method. Method of subtraction by adding the 
same number to both the minuend and the subtrahend. 

Examplei "^5 - "3 ^ (*S + - ("3 + ■*'3) - +5 + "^3. 
^' Difference Method. Method of examining the difference 
between the subtrahend and the minuend. 
Ixamplei 



+8 
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"6 5 4 "3 "2 "l 0 1 2 3 4 5 6 7 8 

On the number line there is a difference of 8 to the right from "3 
to *5. Therefore, *5 - "3 - ^B, 
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5, Orderad Palr_Method « A method of s*ab traction using 
©rdered pair representation o£ integera« 

EKamplei To work the problem/*^5 - "3, the following ordered 
pairs eould be chosen and eubtractad* 

(9,4) - (1,4) ^ (8,0). 
Since (8j0) rapresenti the Integer ^8, the answer to the problem 
+5.-3^+8. 

6* Pattern Method ^ A method of gub traction that Involves 
starting with s problem in which the aniiwer le known and making use 
of a pattern to determind the unknown answer to a more difficult 
problem. 

Example: ^5 ^ 3, This problem could be worked in the 
following manner* 



+5 




+4 


^+1 


+5 




+3 


= +2 


+5 




+2 


-+3 


+5 




+1 


.+4 


+5 






+5 




"l 


^+6 


+5 




'2 




+5 




"3 


-+8 



7- Related Number Faets Method > Method of subtraction 
involving the relationship between subtraction and addition. 



+ — * 4- 

Exwaplei 5 - 3 - N if and only If N + 3 * 5| therefore. 
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Systems Method, By examining a modular system thm 

acudant learns Chat x y ^ x + "v Th-fe is ri«««*.«i4 j *. * ^ 

^ ^/T- mis is gsnerallzed to tha integerB. 

EKamples 7-8^7+ "S^ *1, 

5. Take^Away Method . Method of subtraction involving 
taking the subtrahend "away from" the minuend* 
Examples 



4 



-(-3) 



4 



— i 1 1 1 I I \—i \ 1 fH> 

■5 -4 -3 -2-1 0 *1 +2 +3 +5 +6 +7 +8 



+5.-3 



On tha number line the last arrow ends above the +8, theretoro 



*5--3.V 



PROPOSED tffiTHOD 

The Compl«Me„t Mathod of subtEtctlon of Integw^ 
the Investigator doas not rely on the use of the number line, not 
does the student need to solve a nathematlcal s.ntenae by Inspection 
In order to solve the subtraction problem. 

The Cooplefflent Method relies on a fact that many elementary 
students know from their work In subtraciton of whole numbers. Many 
students learn that If 5 - 4 - 1, then 6 - 5 • 1| that Is. l£ they add 
the same number to the subtrahend and minuend the remainder la 
unchanged. This fact Is used by many people when they work the problem 
197 - 99 - □ . They add 1 to both numbers and work the problem 
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Furthermore the idea ef adding the same amount to the subtra- 
hend and minuend^ and not changing the answer to the subtraction problei 
can be reinforced by using laodals the students see every day. One 
way le to draw their attention to the odometers on a car ipeedometer* 
Some cars have an odometer that indicates total mileage the car hai 
traveled and the other odometer indicates the distance traveled up 
to 999 miles I and then returns to zero. It Is possible to examine the 
difference of the numbers oQ the two odometers at certain times. See 
Appendix D for an exMple of this method of introduction to sub traction 
of Integers* There are other Instances that students are perhaps 
more familiar with than the instance mentioned above. Consider the 
choosing of teams for a game of football. Students know that if the 
difference in the number of students on the two teams is one and if one 
mere student is added to each team the difference is itlll one. 

This idea can be extended to work subtraction of Integers, 
such as 5 - 3 =[_} , There are many numbers that could be added to 
the minuend and subtrahend In the problem, but the choice of ^3 will 
produce the most profound change In the appearance of the problem. 
Note that by adding "3 to both nirabers the problem becomes (^5 + ^^2) - 
(^3 + ;3) or simply *5 + '3 - 0 ^ [^j • Clearly if the student 

understands how to add he can now work the problem* He must also 
understand, of course, that to subtract zero does not change the answer. 
The steps of the problem are delineated In the following i 
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1 


+5 _ +3 = 


□ 


2. 


<*5 + "3) 




<*3 + "3) - LJ 


3, 


(■*"5 + "3) 






4. 


■•"5 + "3 = 






5. 


''2 







DELIMITATION OF mvm 

This study was eondu-cted within the folli?\fing franeworkl 

1. Only studente enrolled In the seventh grade during the 
1970*71 school year participated* 

2. Only studenti enrolled in the Central Vmlley or Mead 
School Districts participated in the study, 

3. The study was confined to subtraction of integerSt 
although student achievement and retention in ether operations was 
also measured. 

4* Although the students in the eKperimental groups were 
taught the Complement Methodp it was not required that they write 
all of the steps In the subtraction problem after they had completed 
the work in Appendix 

5, Only teachers teaching at least two eectlons of seventh 
grade mathematici were asked to participate In the study, 

6. The study was confined to schools that had texts using 
the systems method or the related number facts method of subtraction 
of integers. 
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EJ^ECTED CONTRIBUTIONS 

1* Evaluation of a method In terms of its potential as 
an initial intioduction to eubtraetion of integers, 

2, Evaluation of a method in terms of its appeal to 
seventh grade teaehers, 

3* Evaluation of a method of subtraction of Integers in 
terms of its transfer to aubtraetlon of rational numbers* 

4. Evaluation of a method of subtraction of Integeri as 

to its effects on the students' ability to perfora addition of integers. 

5, Listing of recommendations relative to further research 
indicated by the results of this study. 

ORGANIEATION OF DISSERTATION 

Chapter 2 of this paper Includes a review of the llteratura 
relative to the problem of subtraction of integers. Chapter 3 deals 
with the proeedurM of the study includiug (i) degcrlptlons of the 
population, (2) method of training of teachers in the new method^ 
(3) development of the testing instrument, and (4) the description of 
the treatment administered to each of the groups^ Chapter 4 deals with 
the statistical analyses of the data/ and also includes responses 
of teachers that used the Coroplemeiit Method* Chapter 5 contains the 
summary and conclusions reached in the study. The final section of 
Chapter 5 includes suggestions for further research. 
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Chmpt» II 
REVIEH OF THE LITERATURE 

There are many dlffereat proposed mechods of teaching integers 
to children* While most of these propesed methods are logical and 
mathematleally aound there does seem to hm a definite contrpvaray 
aa to vhich method might be best. Indeed, perhaps the methods are 
ail the same as far mm the student being able to underitandi use and 
retain them. 

The use of a model involving positive and negativa particles 
as an aid In understanding subtraction of integers was advocated by 
Cotter*^ For a model of subtraQtlon he eonsldered a field with zero 
diarge but having the same number of positive and negative particles* 
If two positive charges are removed from the fields the result is a 

2 diarge on the field* Wiis illustrates the subtraction problem 
0 - *'"2 ^ 2* For the problem *4 - "2^ consider a field having a 
^4 charge with other neutrally charged particles in the field. The 
neutrally charged particles are considered to be made up ©f one positive 
charge and one negative charge* When tfe?o negative charges have been 
rfflioved, the field then has a ^6 charge* The mathematical sentence ( 
would he ^4 - *2 * ^6. 

2 

A method employed by Entwhistle used thm follwing types of exuples 
to illustrate subtraction: 



^Cotter, Stanley^ "Charged Partlclesi A Model for Integersi" 
^e Arithmetic Teacher , XVI, (May 1969) 349-353, 

^ntwhistlej Alice, "Subtracting Signed Numbers," The Mathematics 
Teacher . XLnil, (March 1955) 175-176* 
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1, The teacher makes a $15 bet with a student in the class. 
The teacher loses the bat and has only |10 to pay the student* 
Mathematical sentence i 

+10 * <"*'l5) - "5 

2. Jane owes Mary $12. She pays Mary $10, that is, Jane has 

a debt of $12 and she subtracti a payment- of $10. Jane now owes a debt 
of $2. Mathematical eentencel 

"12 - riO) ^ "2 

3 

A method using concrete objects was employed by Fremont who 
used pipe cleaners to represent positive and negative numbers, A 
pipe cleaner bent in this manner D represents "*^1 and one opening the 
other direetlon represents 1. Suppose the problem is 4 3* If 
subtraction is thought of as a take away process then the problem is 
worked as follows S 

where a slash has been drawn through three of the loops to Indicate 
three have been taken away. 

What about the problem % - +5? Obviously we have 0 0 ^ D 

+- 

and we wish to take away 5, Adding gero will not change , the value of 
^^4 so Eero is added in the form of C Dand the problem becomes I 

D ^ D D C D 

+ 

NcHf take away 5 as In the following i 

A ^ ^ -5? 



3 

Fremont, Dr. Herbert, "Plpecleatiers and Loops — Discovering 
How to Add and Subtract Directed Numbers," The Arithmetic Teacher , 
XIII, CNovember 1966) S68-S72. 
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leaviiig ^ ©r 

Henderson usad a dl££erenee modal en thii number line* Hia 
idsas are illustrated by the foUowlngi 

The technique as outlined by Romig In the January 

Hathematica Taacher for teaching aubtractlon of siined numbere 
is a graphical representation^ of the me process of 

changing the sign of the aubtrahend and proceeding as in addition, 
I believe that pupils will find the following method more 
meanirigful; my pupils prefer it to the meehanleal method which 
they find outlined in our text e Too, many teachers that use this 
plan never introduce thte mechanical one at all. 

In teaching subtraction of signed numbers * I first draw a 
number icale* Zero is shown to be the dlvialon point between 
positive and negative numbers* Thera are only two directions in 
which one may go upon this scalei The negative direction is 
right to left from any point on the number scale* Let us first 
study an eKample of subtraction in arlthmetici Subtract 4 from 9. 

^ ■ +5 



I I I I I 



8 



Start at 4 and count the units between 4 and 9, In arithmetic 
the positive direction is always from left to right, so it is 
logical to picture as negative the direction from right to left* 
' The above problem should be followed up by using 9 as the 
subtrahend and 4 as the minuends The absolute value remains the 
samej but the sign is negative. In other wordsi when we subtract 
two quantities, the absolute value of the dlfferiince equals 
the number of units which separate the subtrahend from the minuend, 
the sign being determined by the direction traveled in going 
from the subtrahend to the minuend.^ ^ 

The technique advanced by Romig and referred to in the above 
quote is Illustrated by the followlngi 

Suppose that the pupil has mastered the process of algebraic 
addition so that he can add correctly such eomblnations as the 
followlngi 

+6 +8 «8 -8 
+4-4+4 -4 



^Henderson, L,M*p "Alternative Technique for Teaching Sub- 
traction of Signed Kuroberip'' The Mathematics Teacher ^ XXXVIII 
(Novembef 1945), 331. 
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Suppose further that he has learned to add these numbers graphically, 
thus add 

+8 

zi 

0 ' 

I i i i i I I I I ' n -H-4~H 

4 8 

— „^ V 

+8 

The pupil has been taught te reason^ "Starting at zero I count 
eight units to the right (up) because the sign of 8 is plus, and 
then four units to the left (down) because the sign of 4 is mlnui. 
This places me four units to the right of (above) zero, therefore 
the sura of +8 and -4 is +4*" 

When the pupil has mastered this process, he is ready to begin 
subtraction. Explain that the operation of subtraction is the 
opppslte of the operation addition, and numbers to be subtracted 
must be counted In the dlrectlpn opposite to that in which they 
would be counted for addition, thus? subtract 

+8 

^ I I I i I I I I i~r i I ^ I ^ 

0 8 12 

_ — ^ 

Starti^l at Mro 1 count 8 units to the right because the sign 
of 8 la plus. If 1 were adding, I would count 4 units to the left 
because the sign of 4 is mtnug , but slnGe 1 am subtracting* I must 
count 4 units to the right, oppDslte to the direction for addltiont 

Coltharp® examined sixth grade students* ability to work with a 

"concrete apprQach" vs. an "abstract approach" working with integers. 



^^mlg, W.E,, "Technique for Teaching Subtraction of Signed 
Numbers," The Mathematics Teacher , mvill, (January 1945) 36, 

*Coltharp, F,L» , "A Comparison of the Effectiveness of an 
Abstract and a Concrete Approach in Teaching Integers to Sixth Grade 
Students," Doctoral Dlisertatlon^ Okl^oma State University, 1968. 
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Coltharp defined the concrete approach as working with Che number line 

as in the Greater Cleveland Mathematicg Program ^ Intarmediace Series » 

Book 7| 1964-05 edition. He defined the abstract approach ai thm uia 

of ©rdered paira* He made the f©llowing conclusion: 

Sixth grade students taught manipulation of signed numbers 
from an abstract approach achieved as well as thosa taught by 
Beans of a coneratei visual approach when studenti with equated 
abilities were compared » 7 

The use of patterns to enable the students to understand 
Subtraction of inte|ers was proposed by Magnuson,^ This method starts 
with a subtraction problem that the student Is familiar with and proceeds 
to problams that the student could not work before by means of using the 
pattern. 

iKample: 5 ^ 1 ^ 4 

5-2*3 
5 - 3 « 2 

5-5-0 

At this point the pattern is discussed and then the problems proceed 
as follows I 

5-6^-1 
5 - 7 « -2 
5 - 8 • -3 
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^Ibld ,. p. SO. 
8 

. • Mainuson, RusseH C., "signed Numbers," The Arit h metic T eacher. 
Yr>- 3Cin, (Hovember 1966) 573-575. 
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Elementary texts use some of the methods described so far in 

thia paper but there are other methods, in addition to the ones mentioned ^ 

that are ineorporated into texts* A eommonly used one is the missing 

addends method. This method is illustrated by the following from 

Elementary School Mathematics , Addison and Wesley, 1964, Sixth Grade 

text. The section dealing with subtraction is started with the following 
9 

examples : 



When 


you find 






this 


addend 


n + "3 ^ 0 


you find this 






0 - ^3 ^ n 


dlf ferenca 











After presenting several problems of the type Illustrated above, that 
la, where the sum is ^ero, the following examples are iatrodueed« 
The student is to find the missing addend A* 







2 ^ "5 - A 




If this were zero, the missing addend 


would be 


5* Since this Is two more than ^ero, 


the missing 


addend Is 2 + 5 or 7, 





Mother method used in a text series published by Holt, 



Elekolz, O'Daffer, et, al. , Elementary School Mathematics . 
Book 6, Reading, Massachusetts: Addison Wesley Publishing Company, 
inc., (1964) 291, 
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Rinehart and Winaton'^^ is the system approach* The following Illustrates 
this approach s 

When you studied clock arithmetle you learned about subtraetion. 
It la the oppoaite of addition* In clock arithmetic every element 
has an additive inverse. We found we could subtract by adding an 
„ Inverse, For examplap in the arithmetic of the five minute clock 

2 " 3 * 2 + -3 

In the system of integers all the numbers have additive Inverses, 
so wa can subtract this same way. In fact, we can define subtraction 
to be the addition of the inverse, H 

The numerous articles dealing with subtraction of integers 
indicate a diversity of opinion among teachers and other experts in 
this area. The use of different methods of teaching subtraction 
that occur in elementary arithmetic series also further indicates that 
this fact is so. There seems to be no indication In the articles read 
by the investigator that anyone has researched whether one of the 
methods is better than the others when the students* achievement and 
retention Is used as a measure of the superiority of the method. 

During his years of public school teaching the investigator 
experienced a great deal of difficulty when trying to teach the students 
how to subtract integers. The investigator used many of the methods 
illustrated so far but the students did not respond in a positive manner. 

During the 1968-69 school year the investigator was Involved 
in a field test of a new sixth grade text in a new arithmetic series* 
This series used the Complement Method of subtraction. The students 
responded quite well to this approach and did not seem to experience 



Keedy, Jameson^ Johnson, Exploring Modern Mathematics t 
Book 2, New Yorki Holt, Rlnehart and Winston, Inc, , (1963) ,"^ 

^ ^Ibld ., p. 23. 
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oany of the dlffieulties the investigator had observed in his earlier 
teaahing experiences , There are many medelg for explaining subtraction 
of iategers and many articles written as to the relative attributes 
of using a particular model* There seems Co be n© agreement as to 
which model ia most easily used and retained by studen.-s* There does 
seem to be agreement thac subtraction of Integers is a troublesome 
area in mathematics as witnessed by the number of articles written 
on the subject* It seems that, because of the importance of subtraction 
Of Integers to the further study of mathematics and the concern of 
people involved in the area, an investigation of the problem would be 
Very important to the field of mathematics education. 



CHAPTER HI 
PROCEDUHES OF THE STUDY 



Four school districts were contacted and asked to participate 
in the study. These school districts ware Spokane, Medical Lake, 
Mead and Central Valley. One of the school districts did not wish to 
participate and two of the three school districts used the same 
seventh grade texts. Of the two districts using the same text, one 
was eliminated by the flip of a coin. The two districts remaining 
to participate .in the study were Central Valley, henceforth referred 
to as District One. and Mead, henceforth referred to as District Two, 
rne approximate student enrollment ef the two districts was 10,000 
and 5,000 respectively. 

District One used "Modern Nathamatlcs Through Discovery", 
published by Silver Burdett Company- 1966, and Dlstrlet Two used 
• "Exploring Modern Mathematics", (Book 1) published by Holt Rlnehart 
and Winston; 1963, 

in District One, four seventh grade teachers , teaching at 
least two classes of mathematics, were asked if they would like to 
participate in the study. Three of the teachers in District One 
elected to participate. These three teachers had not been teaching 
eoneepts of Integers previously because It wi i section near the 
end of the seventh grade text and was not ordinarily Included in the 
curriculum at this level. All three teachers iraciously volunteered 
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to change their teaching schedule so as to includa the stud/ of 
Integers di a speeial unit. 

The two teaehari contacted in District Ti^o both agreed to 
participate in the study. Neither teacher had previously taught 
concepts of Integers in the seventh ^rade* The text ueed in the 
eeventh grade did not include a study of Integers but It did Include 
the study of clock arithmetic. The investigator prepared ditto aheets, 
utillEing material from the Holt Rinehart and Winston text (Book 2) 
used by the eighth grade, that Introduced the seventh grade students 
to integers and the operation of addition of integers, 

TOE POPULATION 

The Teachers 

The teachers vho participated in this study were teachers 
regularly employed by their school district to teach seventh grade 
mathematics. Their teaching background vas varied , raging from a 
first year teacher to a taacher who had taught 20 years* 

^ere was also a wide variety of academic backgrounds in terms 
©f years of study and degrees held. Since this la typical of seventh 
grade teachers it was felt that the experiment would be conducted 
under conditions similar to those in any school districts of comparable 
size* One thing that did make these teachers different than other 
seventh grade teachers Is that they were teachlag at least two classes 
©I sattiematlca. (See Table I). 
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The Students 

All of the students were seventh graders and none were repeating 
the grade. There waa no ability grouping by the districts and the 
etudentg were assigned to their mathematics elasses in a random fashion. 
The total number of students participating In the study wag 290. Due 
to the fact that some students missed examinations during the study and 
others moved away 230 itudents* data were Included in the study. 

In District One there were 70 students in the control group 
and 70 students In the experimental group. Of the students in the 
control group there were 33 boys and 37 girls* The experimental 
group was comprised of 30 boys and 40 girls. 

In District Two the control group was made up of 21 boys and 
24 girls making a total of 45 students* The experimental group in 
this district alio had 45 students of which 19 were boys and 26 were " 
girls. 

The determination as to which class was the control group 
and which was the experimental group, in each district, was made by 
a flip of a coin. In District One^ Teacher One taught Mathematics 
fourth and fifth period and it was determined by a flip of a coin that 
his fourth period class would be a control group and his fifth period 
class would be an experimental group. Since it was the Intent of 
the investigator to control the variable of time^ It was then decided 
that the fifth period class of Teacher Two would be a control group and 
his sixth period claii would be an experimental group. This provided 
both a control group and an experimental group at fifth period. 
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Taacher Three taught Mathematics during third and fourth period* By 
selecting his fourth period class as the experimental group , this 
provided both an experimental group and a control group at fourth 
period. Due to the faet that class schedules were set by the district 
there was no opportunity to provide a sixth period control group to 
balance with the sixth period experimental group, Also^ there was no 
third period experimental group to balance with the third period 
control group. However , there was no time period larger than one 
hour between a control group and an experimental group so the variable 
of time of day should not be a significant factor in the study. 

In District Two there were two teachers. Each teacher taught 
a third period class and a fifth period class. It was determined 
by a flip of a coin that Teacher One would teach a control group third 
period and exparimental group fifth period. To control the variable of 
time. Teacher Two taught an experimental group third period and a 
control group fifth period* Thus in District Two the variable of time 
could not be considered significant* 

Tables II and III show in tabular form the number of students 
per group and the time of day that each group met. They also 
Indicate the type of group (control or experimental) at each time of 
the day. 
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TEACUER P^PARATION AND TEACHING PROCEDURE 

Preparation 

Thm teachers who participated in the study ware given the 
©aterlala to hm taught at least two months in fidvanee of the beginning 
of the study* The Invastigator then worked with the teachers ^ on an 
individual basis ^ explaining the Complement Method of subtraction of 
integers. Eaeh teacher was encouraged to ask questions and work the 
problams in the unit. Other roethoda of Subtraetlng the integers were also 
dlscueead in these training sessions* When the teacher was eonfldent 
that he could work effeetlvely In the set of integers , the training 
eessioa was discontinued* The average length of the training sessions 
was about six hours. During the training session, the proeedures of 
the study ware also explained to the teachefs. 

Teaching Procedurg 

In Dletrlct One the teachers started the unit on integers with 
an introduction to integers and proceeded through addition off integers 
in both of their groups. See Appendix A for the material taught* 
At thim point cubtractlon was introduced to both groups* The 
method the teachers taught to their control group was the related 
nimber facts method* (See Appendix B*) The method ©£ subtraction 
they taught to their experimental group was the Complement Method 
of subtraction. (See Appendix D.) The final part of the unit was 
Apptndl% C and this material was taught to both groups* Thus the 
ealy difference between the material taught by the teachtri to their 
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control group and their experimental group was the method of subtraction. 

District Two teachers started the unit with modular arithmetic, 
using a five minute clock as their model, (See Appendix E.) After 
this the integ|rs ware introduced (Appendix P) by the teacher to both 
their control group and their experimental group. Then they proceeded 
through addition of Integers (Appendix G) using the propertlea of 
Mathematical systems that had been taught in Appendix E, 

At this time the teachers taught their control group the 
Systems Method of subtraction that Is illustrated in Appendix H, 
They taught their experimental group the Compiement Method of sub- 
traction and finished the unit by teaching the material in Appendix 
C to both of their groups. Thus the material taught to the experimental 
group was the same with the exception of the method of subtraction. 

SELECTION AND DEVELOPMENT OF TESTING INSTRUMENTS 

The Mathematics section of the California Achievement Test, 
1970 Edition, level 4, grades 6, 7, 8, and 9 was selected to be one 
of the tests administered. It consisted of three sections s section 
one, computatloni section two, conceptsi and section three, problem 
solving. Form A of this test was administered as a pretest March, 
1971, and Form B was administered as a post-test at the end of the 
school year in June, 1971, 

Because of the fact that the California Achievement Test did not 
contain any problems Involving compuCation in the set of Integers ^ 
another test with two forma was devised by the Investigator, Form 
A of this test was administered on a pretest, post-test basis, to 
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measure the gtudents' achlaveraenc . and form B was administered one 
month after the post-test to raeasure the studencs' retention. It 
was felt that two forms of the test were necessary to prevent the 
students from becoming bo retf with taking the sama test three times 
and also to avoid the possibility that the students might memorise 
- the answers to the questions. 

All tests were administered by the teachers participating In 
the study. It was felt that if the tests were administered by a 
special person that this would cause the students to become cogniaant 
of the fact that they were participating in a special study. It 
was the desire of the Investigator to avoid the Hawthorne Effect as 
much as possible. 

Development of Form A and Form B 

The test developed by the Investigator contained three parts. 
Part one contained addition problems involving two integers. Part 
two contained problems dealing with subtraction of two integers and part 
three contained problems Involving subtraction of rational numbers, 
subtraction of whole numbers and subtraction of three Integers, 
The two forms of this test are contained In Appendix I. 

To develop part one and part two of the instrument, the 
investigator first considered the set of problems a * b , where a 
and b are Integers and * scanda for either the operation addition 
or subtraction. Next this set of problems was separated Into two 
iubsttsi 8«c X. where |a| < and set Y. where |a| > \b\, (Figure 1) 
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ia * b: 


a and b ate integers} 


f\<\b\\ 




\Setx/ 


\SetY/ 


FIGURE 1 



SUBSETS OF THE SET OF s * i 
WITH REGARD TO ABSOLUTE VALUE 

It was known that the subsets showi in Figure 1 w«e not the 

only subsets possible^ There were alae the aubsata llluatrated in 

Figure 2, These subsets arosa from the fact that 1£ an integer is 

chosen at random it la either poaltlvep negative i or zero* The 

investigator felt that the Inclusiun of the integer zero would not 

be necesaary so the aubseta shown In Figure 2 resulted* 
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{a * b% a and b ate Integers} 



a<0 b<0 
Set A 



a<o b>0 
Spt B 



a>Q b<0 
Set C 



a>0 b>0 
Set D 



FIGURE 2 
SUBSETS OF THE SET Of a * b 
WITH REGARD TO POSITIVE OR NEGATIVE 
VALUES OF a b 
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When Figure 1 wai placed ©var Figure 2 the result was the 
identificatlDn of eight types of problems to be placed on part 1 and 
part 2 of the test to provide a name for each type of problem. It was 
daeided that the type of problem occurring In the intersection of 
set A and set X would be called Type AK and for a problem occurring 
in the intersection of set A and set Y would be called Type AY, etc. 



{a * bt a and b are Integers} 



Type A]r 



Set A 



^ype AYi 



Set X 



Type BX 




Set 


B 


T 




Type BY 






1 


Type CX j 


s« 


C 






Type CY 




Type DX^ 


/ 


Set 


D 




\ 


Type DY 



Set Y 



FIGUWI 3 
TYPES OF PROBLEMS 
Figure 3 indicated there were eight types of problems with 
properties deserlbed in Figures 1 and 2 to be placed in part A and 
part B of the test. Table IV contmins examples of each type of 
problem for the operation addition. 
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Table IV 
E3W!ffLES OF TYPES OF PROBLEl^ 



Group one 
Group two 
Group three 
Group four 



Type of Problmm 

Type AX 
Type AY 

Type BX 
Type CY 

Type CX 
Type BY 

Type DX 
Type DY 



*3 + "7 
^7 + "3 

"8 + *12 
12 + 8 



9 + - 3 
-8 + ^3 



It was noted that because of the conffliutatlve property e£ 
addition, a problem of type BY ean be thought of as a problem of type 
CK, This was determined by examining m example of type BY and 
type CX and finding that they are the sane problen when the commucative 
preperty of addition ii appll-ed to the problem, Exampler "9 + ^3 » 
3+9. This fact lead to the definition of four groups of problems 
as illustrated in Table IV. Thus chere were four groups of problems 
placed in part one of the test, where each group contained one 
problem of each type that made up the group. Refer to Table IV 
£©r definition of groups. 

Since subtraction of integers is not eoMutatlve, it was not 
possible to coobine types of problema into groups and the reiult 
was eight types of problems to be Included In part two of the test. 
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It was determined that two problems of each group (addition) 
or type (subtraction) should be included in the test because of the 
possibility that a student might make a careless mistake on an item 
rather than because of lack of knowledge of how to work the problem* 
The procedure of Including two items of each category also provided 
a means of testing the reliability of parte one and two of the test- 

The resulting test then contained eight addition problems, 
and eighteen subtraction problems in parts one and two respectively* 
With the additional condition that|a| < 40 and \b\ < 40 two forms 
of the test were constructed. 

Part three of the test was constructed so as to contain two 
problems on subtraction of rational numbers ^ two problems dealing 
with subtraction of whole numbers, and six problems dealing with 
Bubtraction of three integers* The heading "show your work" was 
placed at the beginning of this part and the intention of this part 
was to determine if students chat had been taught the Complement 
Method of subtraction would use It when working with rational 
numbers and with whole numbers* The purpose of the problems Involving 
three integers was to determine If there was a difference, in achieve- 
merit or retention, between the control »*roup and eKperimental group 
when working this type q£ problem. 

yalidlty and Reliability of the Instrument 

Ascertaining the degree Co which an evaluation Instrument 
passes content validity Is equivalent to demonetrating 
the extent to which the content of the Instrument adequately 
samples certain types of situations or subject matter* 
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The inatrument claiming content validity clearly attempts 
to IncludQ a cross-^secttonal sample of a large univerae 
of items repreaenting the area in which the pupils' 
performance is being evaluated, 1 

Because of the fact that the instrument contained problems 
involving computations with integers and its intended purpose was 
to Tneasure the atudents computational ability when working with 
integers, the instrument was judged to satisfy that part of the above 
stated criterion for validity. Secondly, the instrument Included 
a crois^-iectional sample of a large universe because of the method 
of determining the types and groups of problems to be included in it* 

A measure of the reliability of the instrument was determined 
by eomputlng the Phi Coefficient of correlation on the items In each 
group or type classification* The formula used was: 

BC - AD 



"V (A+B) (C+D) (A+C) (B+D) 
Wiere A, Bp C, and D are the four cell frequencies defined as 
fallowai 

Item 2 





Fall , 


Fasa 


Pass 


(A) 


(B) 


Item 1 






Pail 


(C) 


(D) 



Ackman, Clock, et al . Evaluating Elementary School Pupils, 
(Boetoni Allyn and Bacon, Inc, , 1960) pp. 59, " 
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2 2 

Because X s , we can readily test the significance 
of # by rGferring to N$2 to a chl-square table with 1 
degree of freedom #2 

C™putlng the Phi Coeffleleat gave a measure of whether or 
not the two items of a particular group or type were correlated or 
not, ?hat is a statlBtically significant correlation between the 
two ttirm Indieated they were measuring the same ability. See 
Table V and Table VI for the Phi Coefficients and their level of 
ilgnlf icanae. 

ORGANIZATION AND , CONDUCT OF THE EXPERIhffiNT 

At the beginning o£ the experiment each teacher administered 
The California Achievement Test (Form A) 1970 Edit ion ^ Mathematics 
section to both of their groups. They also administered Form A 
of the test devised by the investigator* After these tests were 
administered, the teachers started the teaching sequence which 
lasted for approacimately two weeks # The time devoted to the unit 
varied from teacher to teacher i within 2 daysg but each teacher 
devoted the same amount of time to his control and eKperlmental 
groups* At the end of the unit each group was tested » using Form 
A again, and one month later all. groups were tested using Form B 
©f the test devised by the Investigator* 

Scope and Sequence of Material Taught in District One 

Each teacher In District One started both groups with the 

2 

Ferguson, Statistical Analysis in Psychology and Education , 
(New York I McGraw Hill, 1966)?, 239* 
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material in Appendix A» This material was the Introduction of 
integera and the explanation of addition of integers. After completln 
Appendix A the teachers taught their control group subtraction of 
Integers using the Related Facts Method (Appendix B) and at the same 
tiine they Introduced the Complement Method of subtraction (AppendlK 
D) to their eKperimental group. At the termination of the study 
of this material each of the teachers taught properties of subtraction 
and problem solving (AppendlK C) to both of his groups. Thus the 
only difference in the treatments for each teacher's group was the 
method of subtraction. 

Scope and Sequence of Material Taught in District Tw o 

Each teacher in Dietrict Two started both of his groups 
with clock arithmetic (Appendix E), Againp. as In District Otim^ 
each teacher devoted the same amount of time to the material In each 
group. After teaching the material in AppendlK E, the teacher 
Introduced the integeri and addition of Integers (AppendiK F) to 
both of his groups. Upon the completion of AppendiK F the teacher 
Introduced the Systems Method of subtraction to his control group 
and the Complement Method of subtraction to his experimental group. 
The unit .of study was terminated with a study of the properties of 
subtraction and problem solving. (See AppendlK C), 



Chaptar IV 

. ORGANIZATION RESULTS OF ^ALYSES OF THE DATA 

Xhe first a tap in the organlEatioa of the experimant eensisted 

of an stterapt to determine if differences in the selected aKperlmental 

and control group existed. A one vay analysis of varianee (^OVAR) 

was condueted on each of gectlona 3, 4 and 5 of the C. A. T, and 

i 

also on^art 1 and part 2 of the lastriment devised by the experimenter 
<Form A). All analyses vere conducted at the *05 level of slgnlf*- 
Icanoe^ Th€ spscifie areas tested werai 

a, C* A, T< (section 3) * tothematlMl computation 

b, C* A. T, (seetlon 4) - Mathematical concepts 
c* A. T. (section 5) * Problem solving 

d. Form A (part 1) - Addition of two integers 

Form A (part 2) - Subtraction of two integers 

Since District One and District Two differed In the types 
off material presented to the control groups ^ separate analyses ware 
conducted for each district* The control group in District One was 
taught the Related Facts Method of subtraction while the centrol 
group in District Trco was taught the Systems Method of subtraction* 
In boto dlitrlcti the experimental group was taught the Complement 
Mstiiod of subtraction. 

It was found that there were so statistically significant 
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differences between control and rxperimental groups in any of the 
five analyses conducted for each of the two distrlcti. The results 
of the analyses for District One are found in Tables VII and VIII, 
and the results of the analyses for District Two are found in 
Tables IX and X, . 

Table VII 

PRETEST mAMS AND STANDARD DEVIATIONS 
OF CONTROL AND EWERIMENTAL GROUP (DIST, ONE) 



Test 

C, A, T, (seetlon 3) 



Exp, 
Cont. 



Number 

70 
70 



29.4714 
29.1143 



s.d, 

8.7256 
617535 



C, A, T, (seetlon 4) Exp. 

Cont . 



70 
70 



19.8571 
20,0286 



3.9131 
4.4133 



C. A. T, (seetlon 5) Exp, 

Cont. 



70 
70 



7,6286 
7.4143 



3.1446 
3.1137 



Fonn A (part 1) 



Exp, 
Cont, 



70 
70 



4.0857 
3.7714 



2.4061 
2.3133 



Form A (part 2) 



Ixp. 
Cont. 



70 
70 



3.8143 
3.9000 



1.7218 
2.0638 



Table VllI 

PRETEST COOTARISONS FOR DISTRICT ONE (MOVAR) 





Test 






D,F» 


F-Ratlo 


F 




(sect 3) 


Total 


60.4676 


139 










wroups 


4375 


1 


0,073 


0.7839 








fin S7^fi 


138 






C,A,T, 


(eect 4) 


Total 


17.2773 


139 










Groups 


1.0234 


1 


0,059 


0,8040 






Error 


17,3951 


138 








(ssct 5) 


Total 


9.7334 


139 










Groups 


1,6055 


1 


0.164 


0.6890 






Error 


9.7923 


138 . 






Form A 


(part 1) 


Total 


. 5.462S 


139 










Greups 


3,4S70 


1 


0.631 


0.5659 






Error 


S.4770 


138 






Form A 


(part 2) 


Total 


3.5046 


139 










Groups 


0.2571 


1 


0.073 


0,7840 






Error 


3,5282 


138 







Table IX 

PRETEST mmS AND STANDARD DEVIATIONS 
OF CONTROL AND EXPERIMENTAL GEOUP (DIST, TWO) 



Test 


Group 


Number 


X 


s.d. 


C. A. T, (seetipn 3) 


Ixp, 


45 


30.5555 


7.3810 




Cont. 


45 


31.6000 


8.6717 


C, A. T, (section 4) ' 


Exp. 


45 


20.7333 


4,0530 




Cont. 


45 


20.4000 


5.0739 


C, A. T. (section 5) 


Exp, 


45 


8,3556 


3,0907 




Cont. 


45 


a, 4889 


2.8173 


Form A (part 1) 


Exp. 


45 


3.9778 


2.5449 




Cont. 


45 


4.2444 


2,6211 


Form A (part 2) 


Exp. 


45 


, 3.8000 


1.6705 




Cont. 


45 


3.6000 


2.0845 
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Table X 

PRETEST CO^ffARlSONS FOR DISTRICT TWO (ANOVAR) 





Teat 


Snuffs 


Mean Square 


D.P. 




(aect 3) 


Total 


64.3876 


89 






Groups 


24.5625 


1 








MsQ402 


88 




(sect 4) 


Total 




o9 






Groups 


2.5000 


,1 






Error 


22,9046 


88 




(aact 5) 


Total 


8,6512 


89 






Groups 


0.3984 


1 






Error 


8.7450 


88 


Form A 


(part 1) 


Total 


6.6167 


89 






Groups 


1.5999 


1 






Error 


6.6737 


88 


Form A 


(part 2) 


Total 


3.5382 


89 






Groups 


0.8999 


1 






Error 


3,5682 


88 



F-Ratio P 

0,379 0.5469 

0.109 0.7411 

0.046 0,8260 

0.240 0,6313 

0.252 0,6228 



^Its of Achlevamen^ T^.flng (Form A. part-. 1 ... o^ 

Achievement was defined as the gain In mean score betwean 
P«tast and post=test on Form A, parte 1 and 2. Achl.vament was tested by 
means of a two factor analyses of variance, one faetor being repeated 



measures* 



Since the control groups of District One and District Two 
ware taught different materials during the experimental period, it 
was neciisary that separate analyses be conducted for the two districts. 
Howavtr, the analyses the two districts ware related to the same 



ERIC 



40 

experimental factors. 

District O ne Hypotheses and Results^ . The null hypotheses 
for District Ona consisted of the followingj 

There Is no difference in achievement, in the area 
of addition of two InteSers, between the groups 
taught the Complement Method of subtraction and the 
group taught the Related Facts Method of subtraction. 

There is no difference in achievement, in the area 
of subtraction of two integers, between the groups 
taught the Compleraent Method of subtraction and the 
group taught the Related Pacts Method of subtraction. 

It was found that there was no significant difference In 
relation to addition of two integers. The results of the analysis 
for Hypothesis.! are found In Tables KI and XII. 



Table Xl 

MEANS AND STANDARD DEVIATIONS FOR EJffERIMENTAL GROUP 
AND CONTROL CROUP ■ ACHIEVEMENT IN ADDITION (DIST. ONE) 



Pretest Post-test 



Number Group x s.d. 



X s.d. 



70 Exp. 4.0857 2.4061 6,5857 2.1835 

70 Gone. 3.7714 2.3133 6.5571 1.7414 
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Table XII 

RESULTS OP ANALYSIS OF VARIMCE; 
ACHIEVEMENT IN ADDITION (DIST, ONE) 



Source 


Mean Square 


D.F. 


P-Ratlo 


f 


Total 


6,4032 


279 






Between 


5.8957 


139 






Groups 


2.0547 


1 


0.347 


0,5640 


Error (G) 


5.9235 


138 • 






Within 


6.9071 


140 






Trials 


488.9258 


1 


141,556 


0.0000 


G by T 


1.4297 


1 


0.414 


'0,5282 


Error (T) 


3.4539 


138 







It was also found that there were no significant differences 
relative to subtraction of two integers. The results of the analysia 
for Hypothesis 2 are found in Tables XIll and XIV, 

Table XIII 

MIANS AND STANDAHD DEVIATIONS 
FOR EOTERllffiNTAL AND CONTROL GROUPS | 
ACHIEVEMNT IN SUBTRACTION (DIST. ONE) 



Pretest Post-test 

Number Group X i.d. X s.d, 

70 Exp, 3,8143 1.7218 10,0857 5.2633 

70 Cont, 3,9000 2.0638 10,0571 4,3200 
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RESULTS OP ANALYSIS OP VARIAfJCEj 
ACHIEVEMENT IN SUBTRACTION (DIST, ONE) 



Source 


Mean Square 


D.F. 


P-Ratio 


P 


Total 


22*9019 


27Q 






Between 


15.1557 


139 






Groups 


0,0547 


1 


0.004 


0,9511 


Error (G) 


15.2651 


138 






Within 


30,5928 


140 






Trials 


2703.2148 


1 


236.170 


0,0000 


G by T 


0,2266 


1 


0,020 


0.8833 


Error (T) 


11,4461 


138 







District Two Hypothesea and Results , The null hypothesis 
for District Two eonslited of the following i 

H^l There Is no difference in afhlevement in the area 
of addition of two integers, between the group 
taught the Complement Method of subtraction and 
the group taught the Sys terns Method of subcraetlon, 

■ H^s There is no difference in achieveinent in the area 
of subtraction of two integera, between the group 
taught the Complement Method of subtraction and 
the group taught the Systems Method of subtraction. 

It was found that there was no significant difference relative 

t© addition of two integers. The results of the analyila for 

hypothesis 3 are found In Tables XV and XVI, 



I'able XV 
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MEAIIS AND STANDARD DEVIATIONS 
FOR EXPERIMENTAL AND CONTROL GROUPS; 
ACHIEVEbENX IN ADDITION (DIST. TWO) 



Pretest 



Post-test 



Numbet 
45 
45 



Group 

Exp, 

Cont, 



X s.d. 
3.9778 2.5449 
4.2444 2.6211 



X s.d. 
5.6889 2.4291 
6.4222 2.2206 



Table XVI 

RESULTS OF ANALYSIS OF VARIANCE- 
ACHIEVEtffiNT IN ADDITION (DIST. TWO) 



Source 


Mean Square 


D,F, 


F-Ratio 


P 


Total 


6.9707 


179 






Between 


. 8.1376 , 


89 






Groups 


11.2500 


1 


1.388 


0.2401 


Error (G) 


8.1023 


38 






Within 


5.8167 


90 






Trials 


170.1367 


1 


42.666 . 


0,0000 


G by T 


2.4492 


1 


0.614 


0.5587 


Error (T) 


3.9877 


88 
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It was aaso found that there were no significant differences 
relative to subtraction of two intagers. The reiults of the analyses 
for hypothesis 4 are found in Tables XVII and XVIII. 

Table XVIl 

MEANS AND STANDARD DEVIATIONS 
FOR EXPERIMENTAL AND CONTROL GROUPS; 
ACHIEVEMENT IN SUBTRACTION (DIST. TWO). 



s.d. 



Pretest Post-test 

Number Group x s.d. X 

S^P- 3'8000 2.0845 11.5556 4.5979 

^3 Cont. 3.6000 1.6705 10.0444 4.4921 



Table XVIII 

RESULTS OF ANALYSIS OF VARIANCE; 
ACHIEVEMENT IN SUBTRACTION (DlST. 'tWO) 



Source 


Mean Square 


D.F, 


F-Ratlo 


P 


Total 


24.4790 


179 






Between 


15.0028 


89 






Groups 


32.9375 


1 


2.226 


0.1354 


Error (G) 


14.7990 


88 






Within 


33.8500 


90 






Trials 


2268.4492 


1 


263.106 


o.oobo 


0 by T 


19.3320 


1 


2.242 


0,1340 


Error (T) 


8,6218 


88 
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Results of Achievement Testing (C.A.T,, Sections 3, 4 and 5) 

Achievement was defined as the gain in mean score between 
pratest and poat-test on the C,A,T, section 3 (computation), section 4 
(eoneepts) and section 5 (problem solving). Achievement was tested 
by means of a two factor analyses of variance, one factor being 
repeated measures. 

Since the control groups of District One and District Two 
were taught different materials during the experimental period , 
it was necessary that separate analyses be conducted for the two 
dlstrlcti* 

District One Hypotheses and Results > The null hypotheses 
for District One consisted of the followlngi 

H^l There Is no difference In achievement^ in the aria 
of eomputatlpn, between the group taught the 
Complement Method of subtraction and the group 
taught the Related Pacts Method of subtraction. 

^6* ^h^^® difference in achievement, in the 

area of concepts, between the group taught the 
Complement Method of subtraction and the group 
taught the Related Facts Method of subtraction, 

Hyl There Is no difference in achievement, in the area 
of problem solving, between the group taught the 
Complement Method of subtraction and the group 
taught the Related Facts Method of subtraction. 

It' was found that there was no ilgniflcant difference 

rialatlve to computation. The results of the analysis for hypothesis 

5 are found in Tables XIX and JOC. 



Table XlX 



MEANS AND STANDARD DEVIATIONS 
FOR EXPERIMENTAL AND CONTROL GROUPS • 
COIffUTATION (DIST. ONE) 



■ Pretest Post-test 

Number Group X Ssd, X s.d, 

70 Exp. 29.4714 8,7256 30,3571 9.3017 

70 , Cont. 29.1143 6.7535 30.8286 8.6727 



Table XX 

RESULTS OF ANALYSIS OF VARIANCE | 
ACHIEVE^ffiNT IN Cd.^UTATlON (DIST, ONE) 



Source Mean Square D.F. F-Ratlo P 

Total 70.5775 279 

Between 127.7635 139 

Groups 0,1875 . 1 0,001 0,9684 

Error <G) 128.6879 138 

Within 13,8000 140 

Trials 118,4375 1 9.071 0.0034 

G by T 11,8125 1 . 0.905 0.6549 

Error (T). 13,0562 138 
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It was found that there was a slgnlf leant difference telatlve 
to concepts, thus the null hypothesis was rejected. The results for 
hypothesis 6 are found in Tablea XXI and XXII. 

Table XXI 

MEANS AND STANDARD DEVIATIONS 
FOR EXPERIMENTAL AND CONTROL GlOUPSi 
ACHIEVEMENT IN CONCEPTS (DIST. ONE) 



Pretest Post-test 

Number Group X S.d, X s*d. 

70 Exp. 19.8571 3.9131 19.9714 4,9518 

70 Cont. 20.0286 4.4133 21.5000 5.2688 



Table XXII 

RESULTS OF ANALYSIS OF VARIANCE; 
ACHIEVEMENT IN CONCEPTS (DIST. ONE) 



Source 


Mean Square 


D.r. 


F-Ratlo 


P 


Total 


21.9886 


279 






Between 


37.0022 


139 






Groups 


50.5625 


1 


1.370 


0.2421 


Error (G) 


36.9040 


138 






Within 


7.0821 


140 






Trials 


44.0000 


1 


6.634 


0.0107 


6 by T 


32.2500 


1 


4,863 


0.0273* 


Error (T) 


6.6322 


138 







ilgnl£lei.nt at ,05 level 
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It was found that there was no significant difference relative 

to problem solving. The results of the analyses for hypothesis 7 

are found In Tables mil and XXIV. 

Table XXlll 

MEANS AND STANDARD DEVIATIONS 
, FOR EXPERIMENTAL AND CONTROL GROUPS; 
ACHIEVEmNT IN PROBLEM SOLVING (DIST. ONE) 

Pretest Post-test 

Number Group X s.d, X s.d, 

70 Exp. 7,6286 3.1446 8.0429 3.2411 

70 Cont. 7.4143 3,1137 7,8857 3.2904 



Table mv 

RESULTS OF ANALYSIS OF VARIANCE; 
ACHlEVEffiNT IN PROBLEM SOLVING (DIST, ONE) 



Seuree 


Mean Square 


D.r, 


F-Ratlo 


P 


Total 


10.1774 


279 






Between 


16,P^21 


139 






Groups 


2.ia41 


1 


0,143 


0,7077 


Error (G) 


16,9063 


138 






Within 


3,6000 


140 






Trials 


13,7305 


1 


3.865 


0.0484 


G by T 


0.0508 


1 


0,014 


0.9003 


Error (T) 


3.5523 


138 
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District Two Hypotheses and Results . Tha null hypotheses 

£ot District Two consisted of the fqllowlngl 

Hg: There is no difference In achlavement in the area 
of computation^ betwean the group taught the 
Cbmplement Method of subtraction and the group 
taught the Systems Method of subtraction. 

Hgi There is no difference In achievement ^ In the area 
of concepts, between the group taught the Cpmplement 
Method of subtraction and the group taught the 
Systems Method of subtraction. 



H^qI There is no difference in achievement In the area 
of problem iolvlng, between the group taught the 
Complement Method of subtraction and the group 
taught the Systems Method of subtraction. 

It was found that there was no ilgnlf leant difference relative 

to computation* The results of the analyses for hypothesis 8 are 

found in Tables XXV and mu^ 

Table XXV 

mMS AND STMDARD DEVIATIONS 
FOR EXPERI^NTM, AND CONTROL GROUPS | 
ACHIEVMNT IN COtffUTATION (DISTp TWO) 



Pretest Post«test 

Number Group X s*d, X a.d. 

45 Exp, 30,5555 5,2633 34.0000 4,2116 

45 Cent. 31 • 6000 4,3200 33,6889 3.8860 



50 



ERIC 



Table XXVr 

RESULTS OF MALYSIS OF VARIANCE; 
ACHIEVEMENT IN COOTUTATION (DIST, TWO) 



Source 


Mean Square 


D.F. 


F-Ratio 


P. 


Total 


72.6299 


179 






Between 


124,2050 


89 






Groups 


6.0625 


1 


0.048 


0.8212 


Error (C) 


125.5475 


88 






Within 


21.6278 


90 






Trials 


344.3125 


1 


19,159 


O.OOOl 


G by T 


20.7500 


1 


1.155 


0.2854 


Error (T) 


17,9709 


88 






It was found that there wa§ no 


significant difference relative 


to concepts 1 


The resulta and 


Analyses 


for hypothesis 


9 ate. found in 


Tables XXVII 


aud XXVII 1, 









Table XXVII 

mmS AND STANDARD DEVIATIONS 
FOR EXPEMJffiNTAL AND CONTROL GROUPS; 

achievem:nt in concepts (dist. two) 



Pretest Post-tese 

NuBber Group f s*d. x s.d, 

*5 Isep. 20.7333 4. 0530 22,4000 5.5028 

*5 Cent. 20.4000 5.0739 20.5333 6.207o 



Table XXVIII 
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RESULTS OF ANALYSIS OF VARIANCE| 
ACHIEVEMENT IN CONCEPTS (DIST. TWO). 



Source 




Urn C , 


F^Ratlo 


P 


Total 


28.8436 


179 






Between 


49,2303 


89 






Groups 


54,4375 


1 


1 107 




Error (G) 


49,1712 


88 






Within ^ 


8,6833 


90 






Trials 


36,5000 


1 


4*470 


0.0351 


G by T 


26.4375 


1 


3*238 


0.0718 


Error (T) 


8,1655 


88 






It was 


found that the; 


re were no 


signlfieant dlff 


eTences 



relative to problem solving. The results and analyses for hypothesis 
10 are found in Tables XXIX and XXX, 

Table XXIX 

mtmS AND STANDARD DEVIATIONS 
FOR EXPERItfflNTAL AND CONTROL GROUPS • 
ACHIIVEMENT IN PROBLEM SOLVING (DIST. 'tWO) 







Pretest 




Post- 


test 


Nwber 


Group 


X 


s .d. 


X 


■ •d. 


45 


Exp. 


8.4889 


2.8173 


8,8000 


3.4351 


*5 


Cont, 


8.3556 


3.0907 


9,2889 


3,2656 
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Table XXX 

RESULTS OF ANALYSIS OF VARIANCE- 
ACHIEVEMENT IN PROBLEM SOLVING (DISt! WO) 



Source 






F-Ratlo 


P 


Total 


9.9509 


179 






Batween 


15.9573 


89 






Groups 


1.4219 


1 


0.088 


0.7647 


Error (G) 


16.1225 


88 






Within 


4,0111 


1 


4,520 


0.0341 


Trials 


17.4219 


1 


1,130 


0.2907 


G by T 


, 4,3555 


88 






Error (T) 


3.8548 









Results of Retention TeBtlnp (Foya A vs Form B) 

Retention was defined as the gain or loss in Bean score between 
the. post-test and the retention test. The post-test was Form A of 
the test devised by the investigator and administered at the end 
of the unit on integers. The retention test was Form B of the test 
devised by the investigator. 

District One Hypothes es and Results . The nuil hypofcheses 
for District One consisted o£ the following: 

Hj^j^i There is no difference in retention. In the area 
of addition of two Integers, between the group 
taught the Complement Method and the group taught 
the Related Facts Method of subtraction of integers. 
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H^^t There is no difference in retention, in the area 
of subtraction of two Integers, between Che group 
taught the Complement Method and the group taught 
the Related Facts Method of subtracticn of integera. 

It was found that there was no significant difference relative 

to retention of addition. The reaults of the analyses for hypotheses 

11 are found In Tables KXXI and XXXII, 

Table XXXI 

MEANS AND STANDARD DEVIATIONS 
FOR EXPERIMENTAL AND CONTROL GROUPS; 
RETENTION IN ADDITION (DIST^ ONE) 



Pretest Post-^teet 

Number Group X m^d^ X e.d* 

70 Exp, 6,5857 2*1835 7-2000 1.3683 

70 Cont. 6,5571 1.7414 6,7714 3.2512 



Table XXXII 

RESULTS OF ANALYSIS OF VARIMCE; 
RETENTION IN ADDITION (DIST. ONE) 



Source 


Mean Square 


D.F. 


F-Ratio 


P 


total 


3.2626 


279 






Between 


4.7430 


139 






Groups 


3.6563 


1 


0.770 


0.6142 


Error (G) 


4.7508 


138 






Within 


1.7929 


140 






Trials 


12,0156 


1 


7.021 


0.0089 


G by T 


2.7969 


1 


1.634. 


0.2004 


Error <T)" 


1,7115 


138 
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It was found that there was no siiWfieant difference relative 
to retention of sub tr act ion t The resulta of the anaiyeea £ot 
hypothesis 12 are found in Tables XXXIII ^nd XXXIV, 

Tsble iQQCIII 

MEANS ATO STANDAWD DEVIATIONS 
FOR EXPERiraNTAL AND CONTROL GROUPS | 
RETENTIOH IN SUBTRACTION (DIST, ONE) 







Pretest 




Post-- 


test 


Number ^ 


Group 


K 




X 


s.d. 


70 


Exp, 


10.0857 


5.2633 


5.9429 


4,2116 


70 


Cont , 


10,0571 


4.3200 


6.7571 


3.8860 



Table XMUV 

RESULTS OF ANALYSIS OF VARIANCE | 
RETENTIOH IN SUBTRACTION (DiST. ONE) 



Source 


Mean Square 


D.F, 


P-Ratio 


P 


Total 


23.3712 


279 






BeCween 


25,8638 


139 






Groups 


10.8047 


1 


0.416 


0.5272 


Error (G) 


25.9729 


138 






Within 


20.8964 


140 






Trials 


969,4336 


1 


68,830 


0.0000 


G by T 


12,4219 


1 


0*882 


0.6484 


Erroif (T) 


14.0844 


138 







55 

Dlstrlet Two Hypotheseg and Results * The null hypothesas 

for District Two consisted of the followings 

^13* There is no difference in retentiont 1^ the area 
of addition of two integers, be^een the groups 
taught the Complament Method and the Systems 
Method of subtraction* 

H^^l There la no dlfferenee in retention, in the area 

of subtraetlbn of two integerst between the groups 
taught the Complement Method and the Systetts Method 
of subtraction. 

There was a significant dlfferenee at the «05 level relative 
to retention of addition* The ehange in means for the experimental 
group was '*"l^l333 and the change was "*"0.1lil for the control group. 
Thus hypothesis 13 was rejected. The results of the analysis for 
hypothesis 13. are found in Tables ^aUtV and XXXVI. 



Table »av 

mms AND STANDARD DEVIATIONS 
FOR EXPERI^NT^ MD CONTROL GROUPS; 
MTENTION IN EDITION (DIST, TOO) 



Pretest Post-test 

Number Group X s*d, X s»d. 

45 Exp, 5.6889 2.4291 6.8222 1.9339 

45 Cont. 6,4222 2,2206 6,5333 2.1489 
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Table XXXVI 

RESULTS OF ANALYSIS OF VARIANCE; 
RETENTION IN ADDITION (DIST, WO) 



Source 


Mean Square 


D.F. 


F-Ratlo 


P 


Total 


4,8927 


179 






Between 


6.4135 


"89 






Groups 


2.2227 


1 


0,344 


0.5661 


Error (G) 


6.4611 ' 


88 






Within 


3.3889 


90 






Trials 


17.4219 


1 


5.558 


0.0195 


G by t 


11. 7500 


1 


3.749 


0.0530* 


Error (T) 


3.1344 


88 







eignifieant at the *05 level 



It was found that there was a significant differenee at 
the *05 level relative to retention of subtraotion* The ehange In 
roeans was 1,6445 for the eKperlmental group and '*"l,4445 for the 
control group. Thus the null hypothesis was rejected. The results 
of the analyses for hypothesis 14 are found In Tables XXXVII and 
X3QCVIII, 

Table XXXVII 

MEMS AND STMDARD DEVIATIONS 
FOR EOTERIMENTAL MD CONTROL GROUPS | 
RETENTION IN SUBTRACTION (DIST. TWO) 







Post- 


test 


Retention test 


Number 


Group 


X 


Sad, 


X 


s.d. 


45 


Exp. 


11.5556 


4.5979 


9,9111 


5.4295 


45 


Cont. 


10.0444 


4.4921 


11.4889 


4.7940 
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Table 

RESULTS OF ANALYSIS OF VARIANCE | 
RETENTION IN SUBTRACTION (DIST* TWO) 



Source 


Mean Square 


D.F. 


F-Ratlo 


P 


Total 


23.1271 


179 






Betweeii 


30,1376 


89 






Groups 


0.0469 


1 


0.002 


0.9677 


Error (G) 


30,4796 


88 






Within 


16.1944 


90 






Trials 


0,4492 


1 


0.029 


0.8588 


G by T 


107.3359 


1 


6,998 


0.0094* 


Error (T) 


15.3377 


88 








* 

significant at the .05 


level 




Results of 


Testing Subtraction 


of Three Integers 




Since all of the groups 


s participating in the 


experiment 


studied the 


properties of subtraction 


(Appendix C), 


the data from 



the two control groups were combined and the data from the two experi'- 
mental groupi were combined together to form one control group 



of 115 aubjects and an experimental group of 115 subjects* The 
experimental group consisted of the experimental group from District 
One combined with the eKperlmental group of District Two^ while the 
control group consisted of the control groups from District One 
and District TWo, 

i 

The following two null hypotheses were formed i 
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^15* difference in aahievement in the arei 

of subtraction of threa Integers^ between the 
group taught the Complement Method and the group 
taught the Related Faets Method or the Systems 
Method of subtraction* 



There Is no difference In retention, in the area 
of subtraction o£ three integers, be^een the 
group taught the Coraplement Method and the group 
taught the Related Facts Method or the Systems 
Method of subtraction, 

• ..... ^ 

It was found that there was no significant difference at 
the ,05 l«irel lelatlve to achievement of subtraction of three 
integers. The results of the analyses for hypothesis 15 are found 
in Tables XXXIX and XXX. 

Table XXXIX 

IffiANS AND STANDARD DEVIATIONS 
FOR EXPERirffiNTAL AND CONTROL GROUPS • 
ACHIEVEMENT IN SUBTRACTION 
OF THREE INTEGERS (COHBINED DISTRICTS) 



Pretest Post-test 

Number Group X s.d. X s.d. 

115 Exp, 0.1913 0.5443 2.1739 2.2370 

115 Cont, 0.2174 0.7347 2,3217 2,2466 
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Table XXXX 

.RESULTS OP ANALYSIS OF VARlANCEi 
ACHIEVEffiNT IN SUBTRACTION 
OF THREE INTEGERS (COMBINED DISTRICTS) 



Source 


Mean Squara 


D.F. 


F-Ratio 


P 












Between 


2,9148 


229 






Groups 


0.8694 


1 


0.297 


0.5929 


Error (G) 


2.9238 


228 






Within 


4.5435 


230 






Trials 


480,2173 


1 


194.008 


0,0000 


G by T 


0.4258 


1 


0.172 


0,6821 


Error (T) 


2.4752 


228 






It was 


found that there 


was no 


significant 


difference 



at the ,05 level, relative to retention of aubtractlon of three 
integers. The results of the analyses for hypothesis 16 are found 
In Tables XXXXI and XXXXII, 



Table XXXXI 

MEANS MD STANDARD DEVIATIONS 
FOR EXPERIMENTAL AND CONTROL GROUPS | 
RETENTION IN SUBTRACTION 
OF THREE INTEGERS (COMBINED DISTRICTS) 



Hurober 


Group 


_ Pretest 

X s.d. 


_ Recentlon test , 
X 8 • d , 


115 


Exp. 


2.1739 2,2370 


1.5304 


2,2838 


115 


Cone. 


2,3217 2.2466 


1.8174 


2.2344 



Table KXKKll 



KSULTS OF MALYSIS OF VARIMCEI 
RETENTION IN SUBTRACTION 
OF mmE INTEGERS (COMBINED DISTRICTS)' 





Mean Square 


D.P, 




p 


Total , 


5.1052 


459 






Between 


7.1S85 


229 






Groupa ^ 


5,4346 


1 


0.758 


0,6112 


Error (G) 


7.1661 


228 






Within 


3,0609 


230 






Trials 


37,8382 


1 


12.976 


0,0007 


G by T 


0,5564 


1 


0.191 


0.6670 


Error (T) 


2.9191 


228 







Transfer of Complement Method , 

Problemi 1 and 2 of part 3 were problemi daallng with sub« 
traction of rational numbera . The numbers ware naned by mlKed 
numerals and were of the type that ean be worked quiekly using the 
Complement Method of subtraetlon* As an example problem 
1 of part 3 Form A could be worked in the following manner i 

2 1/4 - 3/4 ^ (2 + 1/4) - (3/4 + 1/4) 
• 2 2/4 - 1 
« 1 2/4 



Problems of this type were not worked during the experiment. 
The Investigator wished to determine If studenti would use the 
Complement Method of eubtractloa of their own volution. 

To determine if the students used the Complement Mathodp 
their work on the post-test for problems 1 and 2, Form part 3, 
was eKarolned, In no single case was work shown that indieated the 
students had used the Compleraent Method as illustrated above. 

There were four basic ways the subjects worked the problem* 
They are illustrated below* 

a. 3 1/8-1 5/8 » 25/8 - 13/8 ^ 12/8 

b. 3 1/8-1 5/8 ^ 2 9/8 "15/8^1 4/8 

c. 3 1/8 - 1 5/8 - (3 1/8 + *1 5/8) - (1 5/8 + ""l 5/8) 

^ 3 1/8 + "l 5/8 - 0 
" 2 9/8 + "l 5/8 
^14/8 

The example e above la using the Complement Method of subtraction 
but the work involved is essentially the same as that of eKaraple 
b. 

One student had an interesting method of working the 
problem. His work follows i 

d. 3 1/8 - 1 5/8 « 2 "4/8 

His answer could be considered correct if It im interpreted 
as 2 + 4/8| but the form Is not very conventional* 
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lJse_of Complement Method In Subtrar.tlon of Whole Humbe gs . 

Problems ,3 and 4 of Form A, part 3, were (a) 325 - 99 and 
.(b) 342 - 198, Problems of this type ware worked by the experimental 
groups and it was illustrated to them that the problem could be 
worked using the Complement Method, An example would be as follows I 

325 - 99 - (325 + 1) ^ (99 + 1) 
- 326 - 100 
• 226. 

Since problems of this type were worked during the experiment 
by the. experimental groupi, they could not be considered transfer 
type problems. But, it was deemed important to detenalne if 
students would use the Complement Method in working problems of 
this type. The work of all of the students was checked and the 
results are in Table XXXXIII, 

Table XXXXIII 

PERCENT OF STUDENTS USING COMPLEblEHT METHOD 
IN SUBTRACTION OF WHOLE NUMERS 



Number Group Percent 

115 Exp. 4% 

lis Coat, 0% 



Justification of Use of Analysis of Variance 
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To remova at least partially the confuston aurrounding 
this useful techniquei It should ba stated at the very outset 
that analysis o£ varlancep in its mDSt basic form, is 
nothing mora than a clever etatlstlcal method of testing 
for significant differences betweeu means of two or 
more groups* Typically^ the performance ©f these groups 
can be considered to represent results of the treatment 
by an Independent variable whose possible relationship 
to a dependent variable is being itudled.l 

Early in this exposition one important point should 
be clarifiedp When a researcher uses the analysis of 
variance statistical model he is primarily interested in 
mean differences rather than variance of differences* 2 

In the Mathematical development of the analysis of 
Variance a number of assumptions are made* Questions may 
be raised about these assumptions and the eKtent to which 
the failure of the data to satisfy them leads to the 
drawing of valid inferences* 

One assumption is that the distributions of the 
variables .in the populations from which the samples 
are drawn are normal* For large samples the normality of 
the distributions may be tested using a test of 
goodness of fit although in practice this is rarely, dono* 
When the samples are imallp it is usually not poriSible to 
rigorously demonstrate lack of normality of data. 
Unless these is reason to suspect a fairly extreme 
departure from normality^ it is probable. that the 
conclusions drawn from the data using an F test will 
not be seriously affected * * * 

A further assumption in the application of anaiysis 
of variance is that the variances in the populations 
from which the samples are drawn are equal* This is 
known as homogeneity of variance * , .3 
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^ophami Educational Statistics, Use and Interpretation* 
Yorki Harper and Row, Publishers, 1967) P. 164." 

^Ibid , p. 165. 
3 

Ferguson, Statistical Analysis in Psychology and Education * 
(New Yorki McGraw-Hill Book Company, 1966) P. 294, 



since it must be asaumed that the variances wlthtn 
the subgroups of the analysis are not significantly 
different^ it is a good practice to check variance 
homogeneity at the outset of the analysis. A simple 
first test of homogeneity of variance may be made by 
calculating the individual variances of the subgroups dnd 
dividing the smallest S2 into the largest s2. The 
quotient of ^this dlvislori la an F value which is inter'" 
preted for statistical significance by a Table of F. ^ 

With crude normal distribution of homogerieous 
variance the probability of Type I error is very cloaa 
to that aisoeiated with normal theory F-test* With 
samples of 11 cases or more, no adjustment appears 
necessary in the tabled values of F needed for significance 
at the 10%, 5%, and 1% levels. 

When considering data with a limited number of score 
values^ analysis of variance techniques have an advantage 
over the X2 test of independence when the sample si^e 
is very small, when the study involves mora than one 
factorp or when the primary interest is in the differences 
among means rather than the variance of the population/ ^ 

Bo^ <1953, 1954)proved mathematically that the 
distribution of mean square ratios is little affected 
by the non-normality and heteroganelty of variance when 
the samples are equal size, even when they are relatively 
small say 5 to 10, ^ 

The data indicated that the variances were within the 
limits specified by Popham, 

Since it was the desire of the investigator to look at 
differences in means and the data indicated that the varlariceB 
were within the limits specified by popham, the data were analysed 
using analysis of variance as Indicated in the rlrst^ section of 
this chapter. All of the analysis of variance analyses were con- 
duetad on a UNIVAC SPECTRA 70/46 computer making use of programs 
taken from Donald J, Veldman, FortMn PrograiTOlng for the Behavja^^ i 



Ibid , Popham, p, 181, 

^Hiu Tse-Chl, Peldt, and Leonard, "The Effects of Llo^ita* 
tione on the Number of Criterion Score Values on the SignlfleMct 
Level of the F-^test". Amerlean Education Res earch Jour nal vl 
(November, 1969) P. 526. 



Seiences (pp. 246-80) » 

RespDTiseg of Teachers to Methods of Subtraction 



One year after the completion of the experiment ^ the 
invastlgator contacted the teachers that participated In the 
experiment and asked them if they were teaching about Integers in 
the seventh grade. All but one of the teachers was teaching .. 
about Integers ■ 

All of these teachers were teaching the Complement Method 
of subtraction. One of the teachers indicated that he was also using 
Some other methods. When the investigator asked the teachers 
why they were using the Complement Method they said it was because 
they felt they had more success with It. That Is, they felt the 
students responded better to the Complement Method and it seemed 
easier to teach than the method they had used with their control 
groups. 



Chapter V 
BVmkRY AND CONCLUSIONS 
It was the purpose of this study tot 

1* Compare the achievement of. students taught to perform 
different methods of subtracting Integers, 

2, Compare the retention of knowledge and skill possessed 
by students taught to perform different methods of subtraction of 
two Integet J* 

3, Determine if the method ol subtraction learned 
affected the students' ability to work subtraction problems involving 
three integers. 

4, Determine if students would transfer the use of the 
subtraction method employed by the investigator to subtraction 
problems involving positive racional numbers, 

5, Determine if the method of subtraction employed by 
the investigator would affect the students* achievement or retention 
In addition of integers. 

Since District One and District Two differed in the type 
of material presented to the Control groups, as pertaining to the 
operations addition and gubtractlon of integers , separate analyses 
in these areas were conducted for each district. In the area of 
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subtraction of three tntegera.aU groups had studied the properties 
of subtraetion. It was determined that the data from the two 
districts' groups would be combined resulting in one controi group 
and one fxperlmental group. 

Since District One and District Two differed in the type 
of material presented to the control groups, as pertained to the 
method of subtraction of integers, separate analyses were conducted 
for each diatrict. All groups studied properties of subtraction, 
that Is, the facts that subtraction is not eoirautatlve or associative 
For this reason the data of the control groups for both districts 
was grouped together and the data frora the experimental groups 
for both dlstricta was grouped forming one control group and one 
experimental group for the combined districts. Another area that 
was investigated was the students' use of the Complement Method 
and It was deemed appropriate to consider this. data for the 
eorabined districts rather than each individual district. 

Therefore, the summary section contains five subseetldns. 
The first subsection summarises the findings in District One 
relative to achievement and retention as measured by Form A and 
Form B. This subsection also contains a summary of results relevant 
to achievement In the areas measured by the California Aehievement 
'iest. The second subsection contains the summaries in the same 
areas as described above for District Two. 

The third subsection sumariies the results of subtraction 
of three Integers. The fourth subsection eontalns a summary of the 
students' use of the Complement Method 1„ subtraction of whole 



numbers and the fifth subaection contains a iuimary of the 

transfer of the Coroplem^nt Method of subtraction of rational numbers 

Suimnary District One 

In this district the control group was taught tha Related 
Facts Method of subtraction and the experimental group was taught 
the Complement Method, There were no statistical differences 
between the groups in achievement (See Table XI, pp* 39) or in 
retention of addition (Table XXXI ^ pp, 52) as measured by Fom 
A and Form There were no statistical differences between the 
groups in achievement in the areas of computation (Table 3QC, pp,4S) 
and problem solving (Table XXIV, pp, 47) as measured by section 3 
and 5 of the California Achievement Test, form A and form B, 
However, as can be determined from Table XXII, page 46 * there was 
a statistical difference between groups in the area of concepts 
as measured by section 4 of the California Achievement Test, form A 
and form B, The changes in means for the experimental group was 

,1143 and 1*4714 for the control group. Thus the control 
grnups' performance was statlctlcally better than the eKperlraental 
groups ' , 

Summary for Dlstri f:it Two 

In this district the control group was taught the Systems 
Method and the experimental group was taught the Complement Method 
of subtraction. There ware no statistical differences between 
the groups in achievement in the area of addition (Table XVI, pp.42) 



or subtraction (Table XVIII, pp, 43) as measured by Form A of the 
test devised by the Investigatdr, There also was no statistical 
difference between the groups in achievement in the areas of 
computation (Table XXVI, pp, 49) or concepts (Table XXVIII, pp, 56) 
or problem solving (Table XXX> pp, 51) as measured by sections 3, 
4 and 5 of the California Achievement Test. 

As can be seen from Table XXXVI ^ page 55, there was a 
statistical difference in retention of addition between the two groups* 
The change in mean for the experimental group was "^1,1333 and the chang 
was ^0.1111 for the control group, indicating that the experimental 
groups' performance was superior to the control groups'. Table XXXVIII 
indicates that the control group did significantly better than 
the experimental group in retention of aub traction. The change in 
means was 1*4445 for the control group and "l,6445 for the 
eKperlmental groups* 

Subtraction of Three Intege rs 

There were no statistical differences between groups in 
the area of subtraction of three Integers* The performance of 
the groups was quite poor as indicated by the mean scores. There 
were sIk problai5;i that testid the ability to subtract three integers 
yet the highest mean score for the groups was just slightly higher 
than 2, not even on the post-test. This fact Indicated that 

very few students were successful in this area. 
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Use of the CorQplemant Method In Subtraction of ^'Jhole Numbers 

The students that studied the Complement Method of aubtraction 
vere Introduced to the concept that 178 - 99 ^ 179 - 100, Problems 
3 and 4 of part 3 of Form A and Form B asked students to work 
problems of this type and show their work. Only 4% of the experi* 
mental group used the Complement Method in the manner illustrated 
above to work these problems. The remainder of the students used 
the standard algorithm^ o£ regrouping and taking away, to work the 
problems. 

Transfer of the Complement Method 

The students were not introduced to the idea of subtracting 
rational numhera using the CQmplement Method* An eKample of using 
the Complement Method in subtraction of rational numberi would be 
as follows I 

1 3/8 - 7/8 ^ (1 3/8 + 1/8) - (7/8 + 1/8) 
- (1 4/8) - (8/8) 
^ 1 4/a 1 

^ 4/8 : 

Problems 1 and 2 of Form A and Form B, part 3 were problems 
of the type indicated above. When the students' work was examined 
it was found that none of the students used the Complement Method 
In a meaningful manner. Students either used the standard algortthm 
when working this problem or the method llluitrated belowi 

3 1/8-1 5/8 = (3 1/8 + "l 5/8) - (1 5/8 + *1 5/8) 
i« 3 1/8 + "l 5/8 - 0 
^ 2 9/8 + "l /5/8 
- 1 4/8 



This method differed only slightly from the standard algorithm 
Illustrated below: 

3 1/8 - 1 5/8 - 2 9/8 « 1 5/8 ^ 1 4/8 
Thus, it was not considered as using the Complement Method In a 
meaningful way. 

It should be noted that one student workad the problem - 
as follows! 

3 1/8-1 5/8 - 2 ^^4/8 
This answer to the problem is correct but not In a standard form. 

CONCLUSIONS 

i 

Since there were no statistical differences In achievement ^ 
in the areas of subtraction and addition of integers ^ between the 
groups taught the Related Facts Method and the Complement Method of 
subtraction 5 it is felt that eldier of these methods can be taught 
to students. The fact that the group studying the Related Facts Method 
performed significantly better In the area of concepts than the ex- 
perimental group that studied the Complement Method, leads to the 
conclusion that studying the relation between subtraction and addi- 
tion causes an increase in the student's knowledge of concepts as 
Masured by the California Achlawment Test ^ section 4, The group 
using the Related Facts Method etudied the idea that in order to 
work 4 ^ 10 ^ N the problem N +10-4 must be solved, ThuSj they 
studied the relation of addition to subtraction while the experi- 
mental group did not study this concept. Since this was the only 
difference in the treatment of the two groups, the difference 
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in the groups must be attributed to this difference In treatment. 

The statistical differences in the area of addition between 
the groups taught the Systems Method and the Complement Method 
might be attributed to the fact that the txperimantal group (Complement 
Method) actually worked more addition problems that the control 
group. That is, in working the problem 5-8 the experimental 
group worked two addition problems (1) 5+^8 and (2) 8+^8 
before arriving at the step of 5 + 8 while the control group merely 
worked the problem as 5 - 8 - 5 + '8, 

The group taught the Systems Method performed better in 
the area of subtraction of integers than the group taught the 
Complement Method. This is probably due to' the fact that the 
Systems Method was consistent with the material they studied in 
the unit* That iS| the knowledge they learned about clock arithmetic 
was applied to addition of integers and then to subtraction of 
integers in a consistent manner. The experimental group, however^ 
did not have this conaiatent presentation. They used their know- 
ledge of clock arithmetic to work addition of integer problems but 
did not rely on this background to work subtraction of integers. 

it was felt that the Complement Method might adversely 
affect a student's ability to work addition problems because in 
pilot studies of use of the Complement Method students were 
observed to use the Complement Method in addition problems. This 
of coutes leads to the incorrect answer to the addition problem* 
The following problam Illustrates a student's Incorrect useage of 

i ' - • 

/ ' = ' 



the Complement Method* 

*5 + ■*'3 - (+5 + "3) + ("^3 + "3) 
- + "3) + 0 

It was feared by the investigator that the Complement Method 
of subtraction might be to addition of integers as "cancel-' Is 
to reduction of fractions. However, an examination of the results 
of the f,tudenta' achievement and retention In the area of addition 
reveals that the group taught the Complement Method performed as 
well as the control group in District One and better than the 
eontrol group in District Two, Thus the Complement Method had no 
adverse affect on the students' ability to add . integers. 

Finally the facts that (1) the Related Facts group 
performed better in the area of concepts than the Complement 
Hethod groups (2) the Complement Method group* a retention was 
better than the Systems Method group *s in the area of addition of 
integers; and (3) the Systems Method group's retention was better 
than the Complement Method group's, leads to the conclusion that 
some mixture of the Methods might be the best solution to the 
problem of subtraction of integers* 

SUGGESTIONS FOR FURTHER RESEARCH 

In light of the findings of this report the following 
questions are asked and suggest areas of further reaenrch. 
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(1) Is there m mtxture of methods of subtraction that 
will produce the best results? 

(2) Tn light of the fact that no etudents used the 
Complemant Method in subtraction of whole numbers , would the 
Introduetlon of the Complement Method at the time subtractidn of 
whole numbers is Introduced result in a better performance of a 
group taught the Complement Method of subtraction of integers? 

(3) Would the use of the Complement Method of sub- 
traction of integers allow for the introduction of operations on 
integers at a grade level lower than the seventh grade? 

(4) Does the Complement Method lead to a better under- 
standing of subtraction of integers than other methods of subtraction 
of Integers? 
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THINKIN G ABOUT THE NUMDER LINE 
unit space 



1, Throughout this course, you have made use of a "number line." 
Often the drawing, or model, may have looked like the model above. 
To draw a number line, we first decide upon a unit senm ont. or unit 
space. Then we lay off this unit space, or copy it, in succession 
along a line, as indicated in the drawing. What number corresponds to 
B? to C? to D? 

2. Suppose we divide each unit space in half, as in the drawing below. 
What number corresponds to X? to Y? to Z? 

— ' ' I ■ ■ L ■ ^ I ■ ^ ' I - I i f I 1 I I I I I , I 

O 3i I X Y B H Z ^ — ! I > I I 



3. Using 1 inch as the unit space, make a drawing of a number line. 
Mark the points that corresp6nd to the v^iole numbers 0, 1, 2, 3, 4, 

and 5. 'low divide each unit space in half and mark the points that cor- 
respond to 1/2, 3/n, S/2, ill, and 5/2. 

VHthout uslnn your rular, indicate on the nunbsr line about where 
the points that cnrresnond to 1/4, 7/4, 9/8, and 11/8 are. 

4. Consider this set of numbers: .1, .2, .3, .4, .5, .6, .65, .93 . 
For each number, is the corresponding point on the number Una between 
0 and 1? 

Now study this set of numbers: 1.3, 2.7. 8.6, 1.01 . Is the point 
corresponding to each of these numbers to the right of 1? 

Think of the fractional number 10001. Would the point corresponding 
to this number be to the right of 0? Would the point corresponding to 
100,000 be to the right of 0? 



5. Think back over your work in this book. Is every non-zero number 
we have used associated v/Tth a point that is to the right of 0? In= 
dicate on your number line about where the point that corresponds to 
li is. 

6. Now look at your model of a number line. You know that a line 
extends indefinitely in both directions. But so far, we have used only 
the part of a line that begins at the point associated with 0 and that 
extends indefinitely to the right. Thot is, we may say we have used a 
number ray. Is it possible to invent numbers to associate with the points 
to the left of 0? The drawing below shows one possible way of associating 
new numbers with points to the left of 0. 

^il a J-j i 'l i ' ' ' — I I 
LI ^ L.^ u o , A J H s 



To make this drawing, we chose any point on a line and marked it 
0. Then we decided on a unit space and marked off unit spaces to the 
left and to the right of the 0 point. We have assigned LI to the point 
that is one unit space to the left of 0; L2 to the point that is two unit 
spaces to the left of 0, and so on. 

Draw a number line and lave! the point corresponding to each of the 
following- 1; LI; 2; L2; 1/2; Ll/2i LI 1/2; L7. 
7. Usually, in mathematics, numbers such as -7, -2, -3, and -7 l/g 
are associated with points to the left of 0. 



We read "-1" as negative one . "-2" as negative two , and so on. How 

would you read "-S"? i/?"? " i i /a"-? tu u . , . , 

jwM leau □ t ^ Ml f _| ]/4 7 jj^g n-mbers associated with the 

points to the left of 0 are called negative numbers . . The numbers to the 

right of 0 are called positive numbers. Sometimes the positive numbers are 

represented as "+1," "45 1/2," and so on. 
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THE SET OF DIRECTED NUHBERS 

We have introduced positive and negative nunibers^ using a number 
line* But such numbers aru used in many situations, 

1, Mary was given a share of stock for her birthday* At the end of a 
weekj her fathar handed her a slip of paper that had this listing on 
it, Har father explained that the listing told how many dollars the stock 
increased in value or decreased in value each day. To indicate an in^ 
crease of one dollar in the valuer a + 1 is used* What does -1 Indicate? 
+1 1/2? -1/2? -1 1/2? 

2« In the same situation where +1 indicates an increase of one dollar, 
what would +4 indicate? -A? Do both ^4 and +4 Indicate a change In 
Value of four dollars? Do they also tell the direction in which the 
change occurred? Are the changes in the ^ame direction , or in opposite 
directions? 

The set of numbers consisting of zero^ all positive numbers^ and all 
negative numbers is called the set of directed numbers . 
3* Jim kept a record of his gain or loss in weighty month by month, 
over a four-^month period. To indicate a loss of three pounds in January, 
he used a -3, UHiat does -2 indicate for February? IJhat does +1 indicate? 

Is the loss of one pound the opposite of a gain of one pound? 
4* Many things in life can be thought of as opposltes, Wiat is the 
opposite of a gain of 2 1/2 yards in a football play? ^e opposite of 
a withdrawal of $1UD from a bank account? 



5, Is a gain of $5 the opposite of a loss of $5? If we think of a 
profit of $5 as +5^ how vmuld wc think of a loss of $5? We say the 
directed numbRr +5 is the opposite of -5^ and -5 is the opposite of 
+5, What is the opposite of -3? the opposite of +37 

liHiat is the opposite of -2 1/2? the opposite of +11? the opposite 
of + 1/4? the opposite of -1/3? 

6. Suppose in a football game we represent a loss of three yards on 
a play as -3, How would we represent a lo.is of five yards? Now 
imagine that a team has a loss of three yards, and then a loss of five 
yards, V/ould the total loss be the sum of the two losses? If we use 
N to represent the total losSj we may write the equation below. In 
this equation^ parentheses are used to avoid confusion of the negative 
sign of the numeral with the plus Sign of addition, 

-3 + (^5) ^ N 
What is the eorrect replacement for N? 
7* On first down^ a team lost four yards. On the next down, the team 
lost eleven yards* Does this equation tell about the problem? 

-4 +^-C^ll) ^ N 

l^SLt is the correct replacement for N? What is the total loss on 
the two plays? 

8. As was mentioned earlier, positive numbers can be represented as 
+1, +2, +3, and so on^ or simply as 1,2,3. In this Illustration of the 
net yardage gained or lost in a football game, what does 155 Iridicate? 
lv%at does -29 indicate? 

Boonevile Taft 
Rushing yardage 155 -29 

Passing yardage 182 =7 



84 

Addition on the Number Line 
1. As you know, we can usa the number line to llluatrate an addition 

s-nt'. CO such as 5 + 4 = N. To shew the addtlon of 5 and h on the nu^bar 
line, wo begin nt 0 and draw an arrow that shows a move of five spaces 
to the right. Then, from 5, Wia draw ■another arrow showing a move of 
four spaces to the right. At what numberal does the second move end? 
^'^lat is the sum of 5 and 4? 



5— 



2, a. Draw a number line and represent the addition of 2 and 9, 

b* Did you begin at 0 and draw an arrow that represented a move of 
two spaces to the right, and then another arrow that represented a move 
of nine spaces to the right? 

3, Just aa we draw arrows to the right to represent a sentence such 

as 5 + 4 ^ 9, we draw arrows to the left to represent addltlo:. involving 
negative numbers. For Inotance, to repreient the additidn sentence 
"5 + (--4) ^ we begin at 0 and draw an arrow to show a move of five 
spaces to the left, Then^ from ^S. we draw an arrow to show a move of four 
spaces to the left. 

^— — = — »-if^-,_.... — .,| 



-il -10 -"i -i ''f -i -i "I o \ 



At what numberal does the second move end? Then what is the correct 
replacement of N? 

Now draw a number line and represent this addition sencei 
-3 + (-6) = N. 

b. Did you begin at 0 and represent a move of three spaces to the ' 
left, and then, .from -3, represent a move of six spaces to the left? 
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Tlicn what is the correct replacement for ^3? 

5, SuppOBe we wish to find the correct replacement for the frame in 
this sentences 4 + (-7) ^D. 



^ t t I t t \ J t i I I t , I ^ 

Mi -1 -^f -J N I ^" i/ £ ^. g , ^ 

Starting at 0,' we drav; an arrow to show a move of four spaces to the 
right; then, from 4, we represent a move of seven spaces to the left. 
At what number does the second move end? Then what Is the eorreet 
replacement for the frame? 

6- To represent the sentence -7 + 4 ^P, we start at 0 and draw an 
arrow to represent a move of seven spaces to the left. Then, from 
the point for -7, we represent a move of four spaces to the right. 
What is the correct replacement for the frame? 



1_L 



i ^ i X i \ 
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7. Does the drawing below represent this addition sentence; 
-2 + 4 l^at is the correct replacement for the frame? 



J 1 



H — i 



^9 



8, liJhae addition sentence does this drawing represent'^ 

— ~~ 



I ! 



4 



< » V I _ ! ' ^ V V 



4 I i S I 



HI ^n> -7 ^5 ^/ i I ^ 3 y 5 4 ^ ^ 

Represent each sentence on a number line* Find the sum* 



9. a. -1 4 3 ^ N 

10. a. 1 1/2 + 1 ^ N 



b, 7 + C-S) - N 

-1 1/2 + (-1) ^ N 
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Addition of Directed NumfaerB 

In each of the foXlowlng, a pair of positive numbers is given. 
Find the sum. 

^ b c 

^- +8, +7 .12, 15 4.5, .3 

2. 3, 1 1/4 +6, +1 +2.0, +.5 

Do you add positive numbers just as you have always added numbers 
in arithmetic? Does It maiiter whether we use the number +8 or 8 to 
name the positive numbe" eight? 

Is the sum of any two poaltlve numbers a positive number? 

In each of the following, a pair of negative numbers is 
given. Find the sum, . . 

3* -2, -6, -1/2 -l/5_ «2/5 

-3. -11 _2 1/2, -1/2 -.3. -.6 

Is the sum of any two negative numbers a negative number? 
Without using a number line, tell what each of the following equals? 
-3 + (-8)1 -1 + (-1 1/2)1 -4.1 + (-.3). 

In each of the following, find the correct replacement for N, 
Use a number line if necessary. 

5. 7 + (-2) ^5 N -4 + f» « N 3 + (_5) = n 

6, 1 + (-9) « N . 9 + (.1) « N 7 + (-8) = N 

In Exercises 5 and 6, you found sums of positive and negative 
nuiabers* Werfc the sums always positive? Always negative? Was 
every sum a directed number? Do you think the set of directed numbers 
is closed under addition? 
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7. Sentence by sentence (in Exercises 5 an 6), study the ti^o numbers 
that were given and the answer you obtained. Do you see a pattern you 
can use to obtain the correct replacement for K In this sentence? If 
not, use a number line to help you, 

8. Now try this sentence. Without using a mimber ]ir,e, predict which 
of the, followins is the correct replacement for N* 12, 12, 6. or -6? 
use a number line to check your answer. 

■ For each of the following, predict which of the replacements given 
is correct. Usi; a number line to ciieci-. your answer. 

a b , c 

9. A + (-7) « M „2 + 3 N ' 1/2 + (..2) = N 

[11, -11, 3, -3] ■ [10. -10, 6, -6] [2 1/2, -2 1/2, 1 1/2, -1 1/2] 

10. =4 + 7 - N 2 + ( 8) = H -1/2 + 2 =N 

[11. -11, 3, -3] [10, =10, 6. =6] [2 1/2 -2 1/2, 1 1/2, -1 1/2] 

Study the examples in 9a and lOai in 9b and inb- in 9c and 10c. 

Then find the sun, for each of .the following. Try to do the work without 

uslnp a number line, 

11- 6 + (-8) -7+12 9 + (-6) 

12. -1/4 + 1 2 + (=2 1/2) 11 + (^3) 

13. 1 1/2 + .M/2) ' $+ i^B 1/4) -5 + 8 1/3 

14. If you are not sure of the pattern for adding a positive number 
and a negative number without using a number line, make up. examples 
of your o\m until you see the pattern. 

15. Find the sum for each of the following examples, 
/a. -8 + (-4) t. -4 + (=8) 

c. 14 + (=2) d. -2 + 14 

ERIC 1/2 + 13/4 f. 13/4 + 4 1/2 

g. -1/2 + f-2 1/2) 
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Study the results of the palfi of eKamples in a and b} In c 
and d; In e and f; in g and h. Does it seem that the commutative principl 
of addition Is true for directed numbers? 

16* Find the sum for each of the following examples. Perform the 

©peration indicated In brackets first. 

a. {5 + (-7)} + C^3) 5 + {-7 + (^3)} 

c, . {^9 + M)} + 6 -9 + {-8 + 6} 

{-1 1/4 + 3} + (-2) ' f, ^1 1/4 + {3 + (12)} 

Does it seem that the aasociative principle of addition is true 
for directed numbers? 

1, a. The arroifs in the drawing below represent the addition sentence 
4 + (-4) = At what numbar does the second move end? Ihen what Is 
the correct replacement for N? k . 

^6 *5 "3 ^2 "1*0 1 2 3 4 5 6 

b* Using a number line, represent this addition sentencei -4+4 -Q, 
What is the csryect replacement for the frame? What Is the sum of 

2, Find the sum for each of the following, 

a, -9 + 9 ^ ^ b, 11 + (^11) ^ O 

1 1/2 + (-1 1/2) - O -1/4 + 1/4 ^ ^ 

Study the sentences in Exercises 1 and 2, In each case^ were 
we adding a- .number and its opposite? Is the sum 0 in each case? 
3t In your work with the set of fractional numbers (non-negative 
numbers of arithmetic), was 0 the Identity element for addition? Now 
think of the set of directed numbers. What does -2+0 equal? ^ 0 + 8? 

0 + M)? 
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1/2 0? -6 1/2 + 0? 0 + (-6 1/2)? 

Is zero the Idantlty element for addition in the set of diracted 

numb ere? 

Using what you know about the commutative and assQciatlva 
principles of addition i the idea of oppositeSj and the .Identity element 
for addition^ find the aum for each of the following* Do the work 
mentally, 

4, a, 13 + (-5) +5 b. -7 1/2 + 14 3/4 + 7 1/2 

5, a, 7/8 + 0 + (•7/8) b. -^5 1/5 + (^3 1/3) + 5 1/5 

6, a. 2 + (^2 1/2) + 1/2 b. -1/4 + 9/4 + (-2) 

7^ Now try this sentences 2 1/3 + 1 1/3 + 1/6 + Q ^ 0^ What is the 
correct replacement for the frame? 

Practice 

1, Draw a number line and mark. points correspotiding to the following 
set of numbers S {0, 1* -1, 2, -2}, Then divide each unit space Into 
tenths, and mark the points corresponding to these numbevi: *1, 

«2j -^2^ and so on, to 1.9 and -1,9, 

a. Where la the point associated with *^l/21. -4/5? -2/5? -11/10? 
-7/5? Write the fraction beneath the decimal that names the same number, 

b. On a number line, can each unit space be divided into hundredths 
and can numbers be associated with these points to the left and to the 
right of zero? Can a unit epace be divided into thousandths or hundred 
thousandths and numbers associated with these points? 

2, Each of the sentences below asks you to find the sum of the same 
six numbers. Using each sentence, find the sum^ 

a, 1 1/2 + (-3 1/4) + 2 + <-8) + (-6 1/4) +2 1/4^ N. 

b, {1 1/2 +2 + 2 1/2} + {-3 1/4 + (-8) + (-.6 1/4)} - N. 

Did sentence b mkm the work easier? , 



3* Find the sum in any way you think Is convenlant, 
a, 9 + (^73) h (-56) + 17 + (-19) + 13 

-1 3/4 + 3 1/8 +<-2 1/2) + <^3 1/4) + 7 3/8+ (-1 1/2) 
c. 1.7 + (-.8) + (^1.1) + ,9 + (-2*6) + (1*3) 

4, Suppose you are asked if this sentence is true. What is *-9 + (--9) 
What is 5 + (-23)? Than ara "-9 + (-9)" and "5 + (-23)" names far thi 
eama number? We ^ay that the ilmplest name for the number la -18. la 
the sentence true? 

For each of the following sentences, write True or B'alse, 
If the sentence Is truej write the simplest name for the number 
represented by each eKpresslon on either side of the equal sign, 
a. -3 + 13 - 31 + (-21) b. ^3,5 + 3 1/2 - -^1.25 + 5.4 

14 + (-5) - 17 + (-9) d. -3 1/5 + (-2 4/5) ^ -9.7 + 6,7 

e, ^4 3/8 + 35/8 - 5,6 + (-5*6) f , ^4 1/4 + 3 1/2-8 3/4 + <-7) 

Problems 

1. Over a five-day period, a certain stock had the following changes 
in valua (in d©llars): +1 1/2, + 3/4, ^2, -1/2, and - 7/8, To find 
the total, or net, change in valua for this period, could you use the 
follQwing equation? 

+1 1/2 + (+3/4) + (-2) + (-1/2) + (-7/8) ^ N 
What was the nec change in the value of the stock? 
2* At the beginning of the flve*^ay period, the stock had a value of 
71 1/8 dollars. What was its value at the end of the five-day period? 
3. In a football game. Bob carried the ball six times. The chart at 
the right lists the numbers that tell how many yards Bob gained or 



lost each time. The numeral 7 indicates a gain of 7 yards. What does 
-3 1/2 Indicate? 

Find the net yardage gained or lost by Bob in these six times* 
4* Helen said, '^I am thinking of a number. If I add this number to 
the aum of -2 and -^5, I get 0 as the result,*' To find the numbar that 
Helen was thinking of, can you use this equation? 

[-^2 + (^5)] + N ^ 0 

What is the number? 

5. Betty said, "I am thinking of a number. It is equal to the sum of 
-6 1/4, -2, and the opposite of -2,'* What is' the number? 

6. Don kept a record of his gain or loss In weight, month by month. 
On January 31, he wrote a "2" in the record to Indiqata a gain of 2 
pounds during January. What does the -1 1/4 for February indieate? 

What was his net gain or loss in weight for the entire year? 
Use a numeral for a positive number or a negative number to represent 
the gain or loss. 
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SUBTRACTION 

You know that subtraGting Is the Inverfe of adding. For any 
subtraction sentence such as 8 - 5 ^ 3, we can write a related addition 
sentence 5 + 3 ^ 8 (or 3 + 5 ^ 8), Similarly » for the subtraetlon sentence 
In Si at the right, we can write the addition sentence In b. Will 
the replacement for N that makes b true also make a true? 

Suppose Dj ^ j and N represent any numbers. In mathematics, we 
can describe the relatlOi^ihlp between subtraction and addition as 

follows 2 

□ - N If and only If A + N ^ □ 
1* Consider the sentence at the right* We read the eentencej "7 minus 
negative 2 equals what number?" or simply , "7 minus negative 2 equals 
N," Notice that the first Is the symbol for subtraction, but the 
second Is part of the symbol for a negative number. 

To find the correct replacement for N in the subtraction sentence ^ 
we can use the related addition sentence that is shown here. Think i 
What number must we add to -2 to obtain 7? 

Then what is the correct replacement for N in the sentence 
7 - (-2) « N? 

2» Read the iubtractlon sentence in a. To find the correct replacement 
for N, we can use the related addition sentence in b. 

What number must be added to -3 to obtain -8? Then what is the 
correct replacement for N in the sentence In a? 

New read the subtraction sentence in c« To find the correct 
replaceaent for N, can we use the related addition sentence in d? 

What number must be added to -1 to obtain 6? Then what is the 
correct replacement .for N in the sentence in c7 
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3. We can use a number line to help us find the difference between 
two numbers. For instance, consider the subtraction sentence 4 - (-8) ^ 
N. The related addition sentence is -8 + N « 4. On a number line, we 
start at 0 and make a move of eight spaces to the left Co represent . -8. 
Now we have to make a move (of N spaces) that will end at 4 on the 
number line. Will we have to move to the right, or to- the left, to 
gat to 4? How many spaces will we have to move? Have we found that 
-8 + 12 equals 4? Then Is this sentence truei 4 - (-8) ^ 12? 



N 
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-11 -9 -8 -7 -6 -S -4 -3 -2 -1 0 1 2 3 4 5 6 7 8 9 10 11 

4. To find what -2 minus 5 equals, we can write sentence b and use a 

number, line. Starting at 0, we make a move of five spaces to the right 

to represent 5. Now we have to make a mova (of N spaces) that will end 

at -2 on the number line. In what direction muit we move— to the right 

or to the left — to get to -2? How many spaces must we move? Then have 

we found that 5 + (-7) » -2? If this is true, what does -2 - S equal? 

N 



I I I I I I I I i I I i I I I I i L I I I l -H^ 

-11 -9 -8 -6 -S -4 -3 -2 -1 0 12 3 4 5 6 7 8 9 10 11 

For each of the following, write a related addition sentence 
and find the correct replacement for N, Use a number line if necessary. 

5. a. 9 - (-3) - N b. 5 - (-6) - M c, -7 - 1 - N 

6. a. 2 - (-2) - N b. -1 e. -3 - (-2) - N 

7. a. 5 - (-3) " N b. 2 - (-3) - N c. -5 - 5 - N 



WORKING WITH SUBTRACTION 



1. Below are six subtraction examples. Find the answers. 

a- 6 - 1 b. 6 - 0 c. 6 - (-1) 

d. 6 - (-2) e, 6 - (-3) f . 6 - (-4) 

Study the examples In l,a-f and their answers. Do you see a 
pattern? Then tell what 6 - (-5) equals j 6 - (-6); 6 - (-6 1/2). 

2, Below are six subtraction exaniples. Find the answers. 

a. 2-1 b. 2 - 2 c. 2-3 

2-4 e. 2-5 £.2-6 

Study the examples In 2.a-f and their answers. Then answer thes 



questions. What does 2 - 7 ec 


[ual? 2-8? 2-9? 


2-10 


1/2? 




2-11 1/2? 










3. Find the answer for each 


of the following examp 


lies. 






8.-3-2 b. 


-3-1 


c. 


-3 


- 0 


d. -3 - (-1) e. 


-3 - (-2) 


£. 


-3 


- (-3) 


g. -4-4 h. 


-3 - (-6) 


1. 


-3 


- (-8) 


Look for a pattern in 


the answers for 3,a-i. 


Then 


tell 


what 


-3 - (-10) equals 1-3 - (-12) • 


-3 - (-8 1/2). 









4. find the answer for eaeh o£ the following examples, 
a. -4 - (-6) b. -4 - <-5) c, -4 - (-3) 

d. -4 - (-2) e. -4-0 f. -4-2 

g. -4 - 4 h. -4 - 6 1.-4-8 

What does -4 - 10 equal? -4 - 12? -4 - 12 1/2? 

Find Che answer for each eKample. 
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5. a. 


3-5 


b. 


3 - (-1) 


c. 


3 - (=4) 


6. a. 


9-10 


b. 


9 - is 


c. 


9 - 100 


7. a. 


-1-2 


b. 


-1-4 


c. 


-1-8 


8.a» 


-4 - (-7) 


b. 


-4 - (-4) 


e. 


-4 - (-1) 



A PATTERN FOR SUB7HACTING 

1. What number is named by "9 - (-5)"? What number Is named by 
"9 + (+5)"? Then Is the following sentence true? 

9 - (-5) - 9 + (+5) 
How Is +5 related to -5? Are +5 and -5 opposltes of each other? 

2. Vfhat number is named by "-1 - (+2)"? What number is named by 
"-1 + (-2)"? Then Is the followlag sentence true? 

-1 - (+2) - -1 + (-2) 
How is -2 related to +2? 

In each of the following, find the number named in a; then find 
the number named in b, 

3. a, 8 - C-3) b. 8 + (+3) 

4. a. 19 - (-S) b. 19 + (+5) 

5. a. -2 - (+4) b. -2 + (-4) 

6. a, 31 - (-1) b. 31 + C+1) 

7. a. 16-2 b. 16 + (-2) 

What did you flndl For each exercise, does the expression in 
b name the same number that the expression in a names? 

In each of the following sentences, find a replacement for the 
frame that will maka the sentence true. 
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8. 17 - (-3) ^ n ^ • , 

9. 10 - (-12) « 10 + □ 

10. -6 - (-4) - =6 + 0 

11. 27 - 4 = 27 + A , 

12. 8 - 14 = 8 + D • 

Study Exercises 1-12. Do you think that for any subtraction 
exampla we can write an addition example that will give the same result? 
Suppose you are given the subtraction example □ - K, Can you use the 
relationship stated below? 

□ - N = □ + Opposlta of N 
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Propertias of Subtraetlon 
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PROPERTIES OF SUBTRACTION 

1* If the only numbers you could work with were positive numbers and 
Eerop eould you find the number named. by any of the following? 
a. I - 4 b. 7 - 13 e. 1 1/2 - 2 

' Then, is the set of positive numbers and zero closed under ^ 
subtraetlon? But if you use the set of directed numbars—the negative numbera, 
EerOj and the posltlva numbera-*-then Is there a number that Is named 
by 1 --4? 7 ^ 13? 1 1/2 - 2? Tell what number la named in each case* 

Do you think that by inventing the negative numbers we have 
made subtraction always poaslble? Is the set of directed numbers closed 
under sub tr action? 

2, Find the number named by each of the following* 

a. 9 - 12 b. 12 ^ 9 c. 1 - 5 d, 5-1 

_ 

Do the expressions In a and b name the same numberf Do the 
eKpressions In c and d name the same number? Is subtraction commutative? 

3. Find the number rapresented by each of the following. Do the 
operation indicated in the brackets first. 

a, [7 * 3] - (^2) b. 7 - [3 - (-2)] 

c. [-10 - 4] - 9 d, -10 ^[4-^9] 

Do the expressions in a and b name the same number? Do the 
expressions in c and d name the same number? Then is subtraction 
associativa? . ; 

In the set ©f directed numbers, subtraction Is always possible. 
But, unlike addltloni subtraction is nalther commutative nor associative. 
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Subtracu 

c. -6 1/2 (-3 1/2) 
e, -16 - 8 3/4 

3 1/2 ^ 9 1/4 
c. 7,1 = (-7.1) 

PROBLEM SOLVING . ^ 

The altitude, or elevation of places on earth li meaeured in 
ralatlon to sea level. An elevation listed as *'1650" Indicates that a 
place is" 1650 feet above sea level* When the elevation of a place 
is lieted as "-15'' what does it indicate? 

What does a temperature stated as "-2° F" Indicate? What does 
a temperature stated as "2^ F" indicate? 

1* This table lists the elevation of four different places* Suppose 
you are asked to find the difference In elevation between Mt* Everest 
and Death Valley. Could you use this equation? 

29,028 ^ (^282) ^ N 

Find the correct replacement for N* Elevation (in feet) 

Mt, Everest " • 29 028 

Mt, MeKinley 20 320 

Death Valley I282 

Qattara Depreision (Egypt) -436 

What Is the difference in elevation between Mt. Everest and Death 

Valley? 

2, What is the difference In elevation bet^^een Daath Valley and the 
Qattara Depression? 



4*a. 19 - 31 

5. a; 8 ^ (-1.3) 

6. a. *3 3/5 - 4 

7; a, ^2,8^ (-3, 5) 



b, 4 - 8.7 

b, 9 - (^11 1/5) 

b. -8.4 - (-8*4) 

b, -=1,2 - 3.4 
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3. What Is the difference In elevation betwean Mt, McKlnley and Death 
Valley? 

4. A temperature of -126.9^ F In Antarctica was the lowest temperature 
recorded anywhere in the world. A temperature of 136^ F In Libya 

was the highest temperature ever recorded. Wliat io the difference 
betwaen these two recorded temperatures? 

5. During k "cold spall,*' an announcer stated that the temperature had 
risen 2.5 degrees and the temperature was now -4.5® F. mAt was the 
temperature before the rise? 
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Appendix D 
Complement Method of Subtraction 
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SUBTMCTION 

Bill and his parents are going on a vacation, "Bill is interested 
in the number of miles his family will travel during their trip. The 
speedometer has two odometers on it. One 'records the total number of 
miles traveled and the other records distances up to 999 miles. When 
Bill's family started on their trip, the number on one odometer was 
38138 and the number on the other was 7y, See Figure 1* 




Figure I 

Oral EKerciies i 

1. What is the differenGe between the two readings on the odometer 

2. After Bill's family has traveled 31 miles, what are the numbers 
on the two odometerg? What is the difference of these two 

new numbers? \ 

3. When Bill's family has traveled 431 miles from home what 
are the numbers on the odometers? What is the difference 
of these numbers? 
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vmat happens to the answer to a subtraction problem if you add 
the same number to both of the numbors in the problem? 
This new idea will be called the eomplement method of subtraction. Let's 
see how this idea can help us to do certain subtraction problems. 

Written Exercises : 

Let's use this idea to work the following subtraction problems. 
Example • 

CD 231 ^ 232 (2) 173 178 188 

j:i 20 "go "lOO 
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212 

1. Find the missing number. 

a) 245 2if8 b) 157 

78 " "HB ~50 

c) 231 233 253 

"78 



2. Subtract the following using the complement method of subtraction 
«) 291 b) 384 c) 573 

^25 '27^ "igg 

752 • e) 237 f) 531 

"387 . '95 -gg' 
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SUBTRACTION OF DIRECTED NUMBERS 

The compleTnent method of subtraction helped us sometimes when we. 
were subtracting whole numbers, Let*s see how It can help us when we 
subtract directed numbers , We need to review some Ideas wa have learned 
and then we will be ready to subtract directed numbers. 

Oral Exercises I Find the missing numbers. 



1. 


S - 3 = 


(5 + 7) 


- (3 + 


) = 


2. 


19 - 8 ! 


: (19 + 


) - 


(8 + 2) 


3. 


23 - 17 


= (23 + 


) - 


(20) = 




12 -' 5 = 


= (17) 


( ) 




5. 


21 - 18 


= (23) - 


( ) 




6, 


31 - 7 ^ 


■ ('31 + 


) - 


(7 + 


7. 


5 - 0 B 








8. 


8 - 0 B 








9. 


N - 0 - 








10. 


5 + "s = 








11. 


7 + "7 = 








12. 


~8 + 8 = 








13. 


N + "n - 









Let's use the ideas from the oral exercises to help us learn how 
to work the following problem: 7 - "3. We know that the complament 
method works for subtraQtlon so we know 7- "3^(7+ )^("3+ )^ 
Wt also know it im eaiy to subtract zero ft^om a nunJb^r so lit*s put 

in the blank. The problem now beGomes 7 - "3 - (7 + *3) « ("3 + "^3), 
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But this is just (7 + "^3) - 0 = 7 + "^3 B 10 so the answer to the problem 
7 - "3 is 10, 

Exercise set': 

1, Fill in the blanks so the following sentences will be true. 

a) 9 - ("3) = (9 + ) - ("3 + ^) 

= (9 + ) - (0) 

b) 2 - ("2) = (2 + ) = ('2 + ) 



=. (2 + ) - (0) 



c) 


5 - 


(3) = (5 + 


) - 


(3 + 


) 








= (S + 


) = 


(0) 






d) 


5 - 


(6) = (5 + 


) 


(6 + 


) 








« (5 + 


) - 


(0) 






e) 


"l - 


1 ^ Cl + 


) - 


(1 + 


) 








= ("1 + 


) - 


(0) 






f) 


2 - 


("3) = C2 + 


) - 


("3 + ^ 




) 






= (2 + 


) - 


(0) 






g) 


"7 - 


"l - ("7 + 


) - 


("l + 




) 






a ~B - 0 = 


~6 








h) 


"3 - 


("2) « ( + 




) - ( 




+ 



= ( + ) - (0) 



f) 5 - 5 = ( + J - + _ J 

= < t ) - (0) 
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k 



Work 


the following subtraction problems .• 








a; 


3 - 2 b) 


"3-1 


c) 


"3 


- 0 


a) 


"3 - Cl) e) 


"3 - ("2) 


f) 


"a 


- ('3) 


s) 


3 - V n) 


3 - ( 6) 


1) 


"3 


- ('8) 


Find 


the answer for each 


of the following 








a) 


3-5 b) 


3 - Cl) 


e) 


3 - 


('4) 


d) 


9-10 m) 


9-15 


f) 


9 - 


100 


g) 


^1-2 h) 


"1-4 


1) 


"l 


- 8 


j) 


^4 - Cl) k) 


'it - ("U) 


1) 


"u 


- Cl) 
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Cloek Arithmetic 
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IfflERE DOES MATHEMATICS COME FROM? 

Arithmetic is one kind of mathematics. You have iitudied i 
for sevaral years. How do you suppose mathematics is invented? 
Sometimes we do it by getting ideas from the i/orld around us. We 
see how things fit together and figure out rulas for working 
problerog* Afterward we can find out things about the world around 
us by working mathematics problema, Let*s see how this is done. 
We can make up mathematics of our own, Let^s start with something 
simple* 

ARITHMETIC OF A FIVE-MINUTE CLOCK 

Perhaps you have never seen a five-minute clock, but it is 
easy to Imagine one. The hand takes 5 minutes to go around once. 
Let's make up a new kind of arithmetic. It will be an arithmetic 
to fit this kind of eloek,. 

5,1 Let^s Explore 

Draw a picture of a five-minute clock 
on your papery and put the numerals '0*, '1*, 
'3% and '4' on It^ like the picture at 
the right. 

Now answer these questions i 
1* If the hand starts at *0' and moves 3 
places forward i where will it be? 
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2. If the hand starts at '1' and moves 3 places foivard, where 
will it be? 

3. If the hand starts at and moves 2 places iomsLtd^ where 
will it be? 

4. If the hand starts at '4' and moves 3 places forward , where 
will it be? 

5. If the hand starts at '2' and moves 0 places forward, where 
v'll it be? 

6t If the hand starts at '3' and moves 6 places forward ^ where 
will it be? 

7. If the hand starts at '2* and moves 8 places forward^ where 
will it be? 

8. What is the difference if the hand goes 6 plaees or 1 place? 
Dees the hand itop at the same place? 

9. Does the hand itop at the same place if the hand goes 0 
places, 5 placeii or 10 places? 

10 p Can you see that we will need only five numbers in our new 
arithmetic? 

ADDITION 

tet's decide how to add in om: new arithmetic* Let*s agree 
that '1 + 2" means thlsi The hand starts at '0'. It goes 1 place, 
and then 2 more places. The hand will be at * 3'. We will say that 
1+2=3, Let's take another examples '3+4* will mean that 
the hand starts at '0', goes 3 plaees and then 4 more places, 

ERIC 



Where will it be? We see chat 3 + 4^2. 



5.2 Let's EKplore 

1. Do these additions in our new arithmetic. 

3-1 + 3 f , 0 + 0 

^•2+3 g, 0 + 3 

* + * h. 3 + 3 

4 + 1 1, 4 + 3 
e. 3 + 2 

2. How many numbers are there in the arithmetic of the five- 
minute clock? What are they? 

3. We can make an addition table to show how to add any two numbers 
in this arithmetie. Here is part of it* It shows 



0 
1 

2 
3 
4 



0 



12 3 4 that 1+3^4 
also 3+2^0 

4 

also 4 + 0 ^ 4, 
0 We always take the firit number on the 

left and the second number along the top 



Copy the table and finiih it. 



Now that we have an addition table we do not need the clock any- 
more. We can study the properties of addition from the tablet Do 
you suppose this kind of addition is something like addition for 
whole numbers of natural numbers? 



5.3 Let's Explore 

1. Use your addition table to do these additions. Look for 
pattern. 

&. 1 + 2 d, 3 + 2 

b. 2 + 1 e. 4 + 2 

c. 2 + 3 £.2 + 4 

2. What property of addition does this seem to suggest? 

3. Use your addition table to do these additions. Look for 
pattern. 

Examples : 

1 + (3 + 2) = 1 + 0 - 1 
(1+3) + 2 = 4 + 2-1 

a. 3 +.(1 + 4) e. 4 + (2 + 4) 

b. (3 + 1) + 4 f . (4 + 2) + 4 

c. (2 + 3) + 2 g. (3 + 4) + 1 

d. 2 + (3 + 2) ' h. 3 + (4 + 1) 

4. What property of addition does this seem to suggest? 

5. Use your addition table to do these additions. 

a. 0 + 2 b. 4 + 0 

c. 1 + 0 d. 3 + 0 

e. 0 + 0 

6. What, do you know about the number zero in this arithmetic? 



You have probably seen that the order in adding makes no 
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difference in our new arithmetic. This means that for any numbers 
a and b in the arithmetic, a + b ^ b + a. Do ycu remember that this 
Is called the oonmutaHve ppoperty of addition? This same property 
holds for whole numbers. 

Did you see that grouping In addition makes no difference? 
. This means that for any numbers a, i and o in the arithmetic, 
« + (fc + o) ^ <a + i) + c. Do you remember that this Is called the 
aBsoaiaHve property of addition? This property also holds for whole 
numbers. Remember, since addition is associative wa do not need 
to write parentheses in these cases. 

Do you remember that the set of whole numbers is ulosed 
under addition? This means that when we add whole numbers we always 
get a number in the set of whole numbers. Is the set of numbers in 
our new arithmetic closed under addition? Is the result of any 
addition in the set? We see that it is, so the set of numbers In 
this arithmetic is closed under addition. 

Did you also see that when we add 0 to any number we get 
that same number? In other words, for any number a, a + 0 = a. 
Do you remember that we call 0 the adMUve idenUty because it 
has this property? Zero is also the additive identity for whole numbers. 

EXIRCISES 



1. Use your addition table to do these additions. Add the numbers 
several times using a different order or grouping each time. Check 
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your answers using the clock, 

a- 3 + 4 + 1 e. 3 + 4 + 1 + 2 + 2 + 4 

b. 2 + 4+ 3 + 1 + 4 + 2, d, 1 + 4 + 2 + 3 + 2 

2. Make an addition Cable for an arithmetic of a four-minute clock. 

3. What properties does addition have in the arithmetic of a four- 
minute clock? 

^, How does addition in the arithmetic of a four-minute clock 
compare with addition in the arithmetic of a five-minute clock? 

5. How can you tell an additive identity from a table? 

6, How can you tell the GOtmmtative pmp&rty from a table? 

7. How can you tell the a&$oaiative prapmrty from a table? 

8, How can you tmll aloBux'e from a table? 

SUBTRACTION 

For whole nimbsrs we said subtraction was the opposite of 
addition. Let's make up subtraction for the clock in the same way. 

5,4 Let's Explore 

If we want to do the lubtractlon 2 - 3, we will look for 
some number which when added to 3 gives us 2. Use your table for 
the five-minute clock* Find '3' on the left. Move your finger 
across until you find '2'. Now look at the top heading. You find 
'4\ This meani that 3 + 4 « 2* Then we know that 2-3=4, 
I- Use your addition table to do these subtractions. 
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a. 4 - 3 e, 2 ^ 4 

^* 3 " ^ f, 4 1 

0 - 2 g, 1 - 4 

d, 1 - 3 h, 0 - 4 

2. How is thia kind of subtraction different from subtraction 

of whole numbers? 

We mada up subtraction without the clock. We used only our 
table. What do you suppose subtraction can tell us about 
the clock? 

When we made up addition, we thought about moving the hand 
clockwise. Subtraction is the opposite* Perhaps it can tell 
us what will happen if wa move the hand the opposite way* 

3* We found that 2-3^4* If the hand of the clock goes to '2' 
and then backward 3 places where will it be? Check all your sub- 
tractions In exercise 1 on Che clock, 
4g What does subtraction tell us about the clock? 



We have learned something Important about mathematics. We 
mads up addition using the clock. Then we made up subtraction 
without using the clock* We simply used our addition table and our 
imagination. Yet subtraction also tells us something about the clock, 

This is the way of mathematics. We soraetines make It up 
from the world around us* Then we can work problems in mathematics, 
without thinking of the world. But our answers may tell us something 
about the world anyway. 
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EXERCISES 
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1. Make an addition table for a seven-mlnuce clock* 

2, Do these sub tractions using yaur table. Do not look at the 
clock. 



a. 


6 - 


3 


d. 


4 


- 1 


S* 


0-6 


b. 


3 - 


S 


e. 


2 


- 5 


h. 


3-6 


c. 


5 - 


6 


f . 


3 


- 0 


i. 


4-5 



3i Think of subtraction as Tnovlng backward around the clock* 

Check each of your subtractions of eKereise 2^ uaing the clock. 

4. What properties does addition have for the ieven-ffltnute clock? 

5* What properties of subtraction do you find In this mathamatlcal 

system? 

HOW TO MAKE AND STUDY MTHEMATICAL SYSTEMS 

We have studied arithmetic based on a clock* This tells 
us something about how to make up mathematical systems. What do 
W6 need? 

li We need d set. It might consist of numbers or perhaps 
other things. 

2, We need to make up one or more operatloni. 

3* We need to find out the properties of the operations 
(such as the conmutative property and the associative property) , 

4i We need to find special members of the set (such as 
identities). 
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WHAT IS AN OPERATION? 

Do you remember what an operation Is? We studied operations 
for whole nuftibers* Wlien given two fflembers of our set we have a way 
of finding at most a third onej we say we have an op&TatiQn* 
Sometimes there may be no third meinber, but there is never more than 
one If we have an operation. 

In whole numbers subtraction is an operation. We can write 
names of whole numbers using the subtraction symbol* These are 
names of whole numbers: 

'8-2% '10 - 3S '5 - 1' 
These are not names of whole numbars , because we cannot do the 
subtractions and get whole numbers for the answers i 

° '4 - 5% '3-7% '8 - 11* 
We cannot use a table to define subtraction for whole numbers , 
The set is too large* Instead, we have a rule to define the operation* 
We say that « is a name for the whole number when o + Z? = a. 
Of course there may not be such a number ^. Then ' b' is not the 
name of any whole number, 

5*5 Let-i EKplere 

1* Study the five tables on the previous page* Tell which of 
them are tables of &n operation^ 

Here are some sets and some rules for combining their members. 
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We shall eee chat there ars other things to look for also. 
For small raathamatlcal systems, like clock arithmetic ^ we 
can make operation tables. We cannot study bigger systems very 
well with tables. Here are some tables fur small mathematical systems 
We shall use them to learn more about mathematical systems. The 
latters are not variables here. They are namei for members of the 
systems. 
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1. [3, 4, 5, 6, 7, 8, 9] The symbol '« * Is 

another name for X 
. (the first one) 

11. [7. 14, 12, 19, 4, 29, 35, 21] The symbol 'a 0 i/' Is 

another name for y 
(the second one) 

111. [1, 2, 3, 4s . * .] The eymbol '^□t/' names 

the L* C, M, of X and V 
Iv. [0, 2, 4, 6, 8, 10, 12] The symbol means 

the same as '2 . x •¥ , 
V. [1, 3, 7, 8, 10, 16, 17, 24, 29, 31, 33] The symbol 'a Ay' means 

the same as 'a + 3 • t^' . 
vl. [1, 2, 3, 4, 5, 6, . . ,1 The symbol 'a | iy« means 

the same as , 
For example, '2 | 3' means 
23, or 8. 

vll. [1, 2, 3, 4, 5, 6, .. .1 The symbol '« S i/' means 

either x ot y , 

2. Using rule i, findi 

a. 4*7 f. 6*7 

b. 9 * 8 g. 7 * 3 
C. 6 * 3 h. 8 * 4 

d, 4 * 5 1. 5 * 9 

e. 9*4 

Is * an operation? 

3. Is rule 11 an operation? Do whatever exploring you wish, 

4. Using rule Hi, find- 

a. 2^3 d. 9^12 
^i-iS e. IsCs 

^- 2;il4 f. asDis 

la this an operation? 

5. using rule iv, flndi 

«. 2i6.6 f. 

b. 6A4 g. 18^4 



d. 12^ 2 

le this an operation? 

6, Using rule findi 

^. 1^ 3 d. 10 A 7 

c. I0A3 f, 16^8 

Is this an operation? 

7, Using rule vi, find*, 

3 \ 2 d. 2 I 4 

b. 3 I 3 2 I 5 

^•512 f. 4 I 2 

Is this an oparation? 

8, Using rula vil, findi 

a. 2 @ 3 e, 8 @ 9 

h- 4 @ 16 d. 6 @ 27 

Ig thlg an operatien? 



toy have no doubt discovered how easy it is to tell an 
operation when it is desMlbed in a table. If there are no doubl 
entries in a tables then it describes an operation. When a rule 
for eotnblnlng is not given by a table it is not quite so easy to 
tell. Then wa must somehow figure out whether there can be more 
than one answer. 
EXERCISES 



1. Make up two tables which describe an operation. 

2. Make up two tables which do not describe an operation. 

3. In the set of natural numbers , Is 0 an operation it a 0 ij ±s 
the greatest common factor of m and yl 

4. In the set of whole numbers, is y an operation if *x\Jy' moans 

5. In the set of whole numbers la I an operation if 'a | i^' . means 
5 ' « - 2? 

6. Make up two new operations in the set of natural numbers. 
THE CLOSURE PROPERTY 

We studied closure for whole numbers. We said the set of 
whole numbers is alosed imdev addition. This means that for my 
pair of whole numbers, their sum Is also in the set. The set of 
whole numbers is not closed under subtraction because we can find 
whole numbers a and b such that a - b is not a whole number. 

5,6 Let's EKplore 

!• Study the tables on page 121, 

a. Which of them dascrlbt operatiens? 

b* Which of the seti are elosed undM the operation? 
2. You have found that rules 1 through vl on page 122 are operatloni 
Whleh of the seti Is closed under the operation? 

EXERCISES 



1. Make up two tables of operations under which the given sat 
is closed. 

2. Make up two tables of operations under which the given set is 
not closed, ' 

3. Given the set, [1, 3. 5, 7, 9, 11, 13, . . .].. 

a. Make up an operation under which this set is closed. 

b. Make up two operations under which this set is not closed. 

THE COmJTATIVE PROPERTY 



Perhaps you have already discovered how to tell from a 
table whether an operation has the commutative property. If not. 
you might think of it this way. Imagine a table, for an operation *. 
Now to find « * 1^ you find 'a' on the left and •y'along the top. 
To find y * « you find 'i/' on the left and along the top, like thl 
Can you see that m * y md y * are across the diagonal (dotted line) 
from each other? We say they are mfleaUonB of each other. 1£ m * y 

« y 



X * y 



\ 



\ 



\ 



y * X 

F * * then we say that the table is aymnetna wiih^ respeot to the 
diagonal. 

If an operation is coBBnutatlve, then the upper right half 
of the table must be Just like the lower left half. If you folded 



the paper along the dotted line, the two havias would match. This 

is an easy way to tall from a table whether an operation is coimutativ 

If a tc^tm of m opmration is &yrm&tHa with mspeot to the 
diagonal^ then the operation desaribed is aorrmitatiVB, 

Suppose an operation isn't given a table* Then how can we 
tell if it is commutative? 

5.7 Let's Explore 

1. Look at rule i on p,122. It describes an operation. Find 

a. 3 * 4 G, 5 * 5 e* 6 * 8 

b; 8 * 6 d, 4 * 3 £,5*5 

Is this operation coifflnutatlve? 

2. Look at rule lii on p, 122, Flndi 

a. 2D 3 d, 3^5 g, gDia 

b. 302 e. 4D8 h. 12p9 

sQs f, 804 

Is this operation coTOmutative? How can you tell? 

We see that if an operation isn't given by a table. It is 
sometlTOes harder to tell whether the operation is cominutative. 
We must figure out some way to tell. If we ean find one case 
whfere the operation falls, then we know that the operation is not 
eonmiutative. If we can find 10 million cases where it does work, 
we still may not be sure. In eKereise 2 above we could tell* since 
the operation is taking the L, C, M* of two nuinbers. ^We know 
the order doesn't affect the result, no matter which pair of numbers 



we choose, 
EXERCISES 



1. Which of the tables on pp. 121 shows a conmutatlve operaclonl 

2. .Which of the operations on p, 121 ±g conmutatlve? 

3. Make up a table for an operation which is coramutatlve. 

4. Make up a table for an operation which is not commutative. 

THE ASSOCIATIVE PROPERTY 

We found an easy way to tell a coranutative operation when 
It was deserlbed by a table. How can we tell whether an operation 
has the associative property? There is no' easy way to decide by 
looking at a table. We must look for other ways to tell. 

5*8 Let's Explore 

1, Look at rule 1 on p, 122, Find 

a. (3 * S) * 4 g. (4 * 3) * 4 

b. 3 * (5 * 4) h, 4 * (3 * 4) 

c. (9 * 4) * 8 i. <S * 5) * 8 
4. 9 * (4 * 8) J. 5 * (5 * 8) 
e- <3 * 5) * 7 k, (a * y) * s 
f. 3 * (5 * 7) 1. « * * a) 

Is this operation aBsoclative? 

2. Look at rule Iv on pt 122, Find 
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a. 2 A (4 6 2) 

b. (2 A 4) A 2 
q. (4 A 6) A 2 
d. 4 A (6 A 2) 

Is this operation associative? 



(4 A 4) A 4 

f. 4 A (4 A 4) 

g. (8 A 6) A 10 

h. 8 A (6 A 10) 



In eKerelse 2 yeu have found that the operation does not 
have the associative property. There are eKamples which show this. 
In parts a and b we saw that 2 A (4 A 2) # (2 A 4) A 2.. This is 
one eKample, One example like this is enough to show that the 
operation dees^not have the aisociatlve property* 

In exercise 1 we studied several eKamples, Nena of them 
showed that the operation is not associative. When you did parti 
k and 1 you found the answer to be x both times. What does this 
mean? It meani that n© matter what numbers , and 'a' 
represent, the answer is the number representee^ by -m^ , Or we could 
say I For my numbers y and b In the set, x ^ (y ^ b) ^ * y) * 3, 
This ii the assoGiatlve property. You have really proved it when 
you used letters, because they are variables which can represent 
my numbers in the set, 

EXERCISES 



1. In table 1, p,121, find 
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(b * a) * a 6. 0 * e) * a 

, h, b * (a * a) i. h * ia * a) 

<o * a) * o g. o * <« * Z,) 

d. CI * (a * a) - h. (c * a) * B 

Do your answers pfove that the operation has the assoclatlv 
property? 

2. In table 2, p. 121, find 

a. J' 0 (p 0 m) d. m 0 0 p) 

b. (2. O p) 0 m e. (r 0 0 m 

c. (W 0 g) 0 p • f , T 0 iq 0 m) 
Is this operation assQclative? Why? 

3. Using rule 11, p. ^22, find 

a. 7 0 (12 0 14) d. 29 0 (4 0 35) 

b. (7 0 12) 0 14 e. (19 0 21) 0 14 

c. (29 0 4) 0 35 f. 19 0 (21 0 14) 

Do your answers prove that the operation has the associative 
property? Why? 

4. See if you can prove that the operation of rule 11, p. 122 is 
associative , Hinti Use variables. 

5. Is the operation of rule 111 on p. 122 associative? Can 
you prove your answer? 

6. Is the operation of rule v on p. 122 associative? Can you 
prove your answer? 

7» Is the operation ot rule vl an p, 122 asioeiatlve? Can you 
prove your aniwer? 



IDENTITY ELEMENTS 

When wa studied the whole numbers we talked about Identity 
elements, or "identities*" We said that 0 lu the additive idantity 
because when we add it to any whole number we get that same number. 
We said that 1 is the multiplicative Identity, because when we 
multiply any whole number by 1 we get that same number. 

Other mathematical systems may have Identities too. 

5,9 Let's Explore 

1, Look at table 1 on p. 121. Find 

a« a * a Cn a ^ g e, a * a 

b. a * b d, j * a 

2, What can you say about the element al 

3, Look in the table. Find the column headed 'a'. How does it 
compare with the column of table headings? 

4, Look in the table. Find the row headed -a\ How does it 
compare with the top row of table headings? 

5, Can you see a way to tell from a table whether an operation 
has an identity? 



Did ydu discover how to find an identity In a table? 

You look for a column and a row which are the aame as the table 

headings. If you find them, the heading for that row and column 

names the identity for the operation. 

If m% ope^CLtian t^le has a roiJ and a Qolumn mxaatly likm 
the tabtm headingB^ then it has an identity gtemmt^ 



EXERCISES 
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1, Look at table 2 on p,l21* is there an identity element for 
the operation 0? If so, what is it? 

2, Look at table 4 on p. 121. is there an identity element 
for the operation Ll? If so, what Is it? 

3, Look at table 5 on p.lEl* Is there an identity element for 
the operation 0? If so, what is it? 

4, Make up a table for an operation having an identity elaroent. 

5, Make up a table for an operation not having an Identity eleraent, 

INVERSE ELE KENTS 

The idea of inverse elements in a machematieal eystem is 
probably new to you* If we perform an operation on two elements 
and get the identity, we say those elements are invmrBSB of each 
other for that operation, 

5*10 Let*s Explore 

!• Look at table 2^ p. 121, What is the identity for the operation 
0? 

2. Solve these equations for this system, 

b* p 0 ^ ^ q 

3, Look at table 4j p.l21g What is the identity for the operation D ? 



4. Solve these. equations for this system, (a, y and a are the 
variables.) 

a, gOx ^ k d. yOh ^ k 

h. aOg ^ k m. f Qb ^ k ' 

c, hOy^ k f. 2 D/ = k 

In exercise 4, you found that g and h were inverses of 

each other for the operation D . This means that gOh ^ k and 

h Dg = k-^ where k is the Identity element. 

5. What is the Inverse of m for the operation 0? 

6. What is the inverse of h for the operation P ? 

7. Wliat is the inverse of f for the operation D ? 
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For an operation *, if performing that operation on two 
elements gives us the identity then we say the elements are inverses 
of each other. (Ori a and b are called inverses of each other 
with respect to * If and only if a * B - i and i * a - i , where i 
is the identity for *.) 

EXERCISES 



For exercises 1-5 look at table 5 p. 121, 

1. What is the identity element for the operation 0? 

2. Is there an inverse for the element Q ? If so, what is it? 

3. Is there an Inverse for the element A? If so, what is It? 

4. Is there an inverse for the element X? If so, what is it? 

5. Is there an inverse for the element If so, what is It? 
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5, In the system of whole numbers , what is the additive identity? 
7, Which whole numbers have additive inverses (inversei for the 
operation of addition)? 

8^ In the lystem of whole nunibera, what is the multiplicative 
identity (identity for multiplication)? 

9. Which whole numbers have multiplicative inverses (inverses 
for multipllcatlpn)? 
10* In a table for an operations how can you recqgniza when two 
elements are inverses of each other? 

INVERSES IN CLOCK ARITHMETI C 

In the arithmetic of the five-minute clock, we can name 
Inverses like this: 

The symbol ^ 3' means the additive inverse of 3* 
Than 3 + "3 ^ 0, 

The symbol ' 1' means the additive Inverse of 1. 
Then 1 + ^1 ^ 0, 

5,11 Let's iKplore 

1. What numbers of the arithmetle of a five^minute clock do 
these symbols represent? 

a, "l " d, ^4 



2. Add- 



a. 2 + 2 d. 3 + "3 

b, 2 + 2 e. 0 + 0 
4 + "4 £. 1 + "l 

3. Add: 

a, 3 +2 , c. "l + "4 + 3 

^' ^ + "2 d. "O + 2 + "3 



In olook antimetia, the additive inveree of a mmbev % is named 
' a', (Tliis is vead "the additive invepBe of 



EXERCISES 
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In the arithmetic o£ a flve-mlnute clock, 

1. Add: 

3 + 3 e. 3 + "l + "2 

'4 + 4 f. "4 + 3 + "2 

2 + 4 g. "3 + "4 + "l 

d. 2 + 0 h. '3 + "3 + '3 

2, Solve these equations 

a. "1 + 2 - £. „ 3 

b. 3+4saj g.^s'i? 

+ 2 » 1 h, ■*» + 3 " 4 

d. ~4 + ^ B 3 i, 3 + ~0 m 'g 

" + 2 « 1 J . "4 + "a - 



Now chat you know about additive Inversass you will need to 
know more about symbols for them, 

5,12 Let*s EKplore 

In the aiflthmetic of the five-minute clock, 

1. What is the addltlva Inverse of 3? 

2. What is the additive inverse of the number you found in 
eKercise 1? 

3. The symbol * '3' is a name for 2, Write an equation which 
says this, 

4. The symbol * ( 3) * means the additive Inverse of the additive 
Inverse of 3* Replace the name '"SV here by the name '2'* 

5. What number is named by 3) *? 
6* What number is named by '""("4)'? 
7. What number is named by '^("l)'? 

8* What ii the a^4ditlve inverse o£ the additive invarse of 2? 
9. What is the additive Inverse of the additive Inverse of 0? 
10* Copy and complete this stacement. 

For any number p In the arithmetic of the flve*mlnute clock, 

5.13 Let"! Explore 

In the arithmetic of the five^mliiUte clock, the additive 
inverse of 2 + 1 can be named as '"(2 + 1) % or '^3 ■ ^ 
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1. What numbers da each ©f these symbols represent? 

a, ^(1 + 3) f , ^1 + ^4 

b. ^1 + "^3 g, ^(0 + 3) 
"^(4 + 2) h, ^0 + ^3 

d. % + "2 i. ^(4 + 3) 

^(1 + 4) j, "4 + "3 
2« What do these answers suggest to you? 



No doubt you have discovared two Interesting facts about 
additive inverses in clock arithmetic. As you study other number 
systems later you will find they also have theste properties. Let's 
remember them» 



For my nwrbmr "f"pj ^ p* 
(The additivB inv&pse of thm additive inverse of te p* ) 
For any nwi&era "Tp ^ qJ ^ ~p 

(The additive inVBr&e of a sum is the sum of the additive inveraeB) 



EXERCISES 



All of these eKerclsea refer to the arithmetic of the five- 
minute clock* 

1. Find the simplest name for each of these numbers* 

a* > 1* "(3 + '2) 

b. ^3 J, '(4 - 2) 

c. ^1 ^ri + ^4) 
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d. 2 1. -(1 + "3 + 4) 

e. "O m. "3 + "(4 + "2) 

f. 3 + "4 n. "l + "(1 - ~3) 

g. "("3) 0. 2 - "(4 + "2) 

h. '("0) p, ■(1 + "3) _ "i 

2, Which of these sentences aie true? 

a. "(1 + 3) = "l + '3 

b. "2 + "4 = "(2 + 4) 

c. 3 + "l = "(3 + 1) 

d. '(4 + "Z + 3) ^ "4 + 'CZ) + "3 

f- 

e. "(4 + "2 + 3) M "4 + 2 + "3 

f. "4 + 2 + "3 ^ "(4 + "2 + 3) 

g. "2 + 3 + "2 = "(a + 3 + 2) 

h. "("Z) + "3 = "("2 +3) 

3, Find the solution set of each of these equations, 

a. "(2 + 3) s ■ + "3 

b. 'l +~m ^ "(1 + 3) 

c, ~Cx) = 4 

d, X + a - 1 
m, y + "2 m 0 

£ . 4 + B 2 

g. "(2 + m) ^ '2 + "b 

h. 1 + "l m ~2 + y 
1. "(3 + - '3 + 2 

j. "(1 + '3 + 4) - "l + y + 4 

k. "2 + ~1 + a ^ "(2 + "4) 
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INTRODUCTION TO INTEGERS (DIST, TWO) 



To this point we have been working with a clock. Let's now 
look at a system where the numbers are positioned on a line instead 
of a circle* 

Let's EKpiore 
It Draw a line on your paper, 

2. Fold your paper In half, Mark the point where the crease 
crosaes your line, ^ 

3. Label this point "0", 

4. Use a unit this long y' Label points for whole numbers 

to the right of "0". 

5. Where shall we' label points for the additive Inverses? 
6* One unit to the left of "0" make n dot. Label it "l, 
7* One unit to the left of '^l* make a dot. Label it ^2. 

8, Continua to the edge of your paper. 

9. You now have a number line for the integers. If your paper 
were big enough, how far in each direction would it go? 

POSITIVE AND NEGATIVE INTEGERS 

Your number line should look like this 



5 4 3 2 1 0 1 2 3 4 5 
The point 0 divides this line. The numbers to the right of 
0 are the natural numbers. Wiose on the left side of 0 are their 



additive inverses. 

The numbers on tha right are also called positive Integers. 
Those on the left are called neiatlve integers. Sometimes we name 
the positive integers like this; 

'"•^aS .+45', .+178'. 

we read •'*'7' as "positive seven". Symbols like these name Natural 
numbers. We name them this way sometimes for emphasis, so that we 
won't confuse them with negative integers. 

EXERCISES 



Name the additive Inverse of each integer. 







a. 


2 


f. 


"3 








b. 


4 


g> 


"8 








c. 


17 


h. 


"24 








d. 




1. 


"30 








e. 


0 








2. 


Name 


the 


additive Inverse of each of 


the following intej 


lers 


in 


two wayi 


i. Examples The additive invers 


e of 4 


is' ("4) or 


4. 






a. 


"5 


d. 


"3 








b. 


"7 


e. 


+36 








c. 


"35 


£. 


+17 




3. 


Find 


the 


following sums. 












a. 


"5 + 5 


d. 


7 + "7 








b. 


*6 + "6 


e. 


25 + "25 








c. 


"5 + TS) 


f. 


"36 + 36 
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^DIMG NEGATIVE INTEGERS 

How shall we find the sura "m and n, wherfe m and n are 
natural numbers? He shall wish to do it so that addition is 
eommutatlve and associative, if that is possible. From our work in 
clock arithmetic we see the definition of and ""n ^ *(m + n). 
When we work the problem "^5 + ^6 + + "6 using the commutative 
and aesociatlve property we have 5+ 5+ 6+ 6^0 + 0-0. 
Since we know that '^5 + ^^6 + ^('*'5 + ^6) also equals zero it Is 
seen that 5 + 6 ^ ( 5 + S), The Ideas that we learn in our clock 
arithmetic also work for this new set of numbers, 
EXERCISES 



1. Name the additive inverse of each of the following suras of 
Integers in two ways. 

Example: The additive inverse of ^4 + ^7 is ^(^4 + ^7) or 
^4 + ^7, 

The additive Inverse of "4 + ^8 Is "(*4 + '''S) or 
*r4) + "8, 



a. 


*5 


+ ■^8 . 


d. 


"7 + "6 




+6 


+ +3 


e. 


+3+*^7 


c. 


"3 


+ +5 


f . 


7 + 10 



2. Rename the following negative integers as the sum of two 
negative Integers in two ways. 
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Example: Rename 7: 7 ^ 3 + 4 or "7 = ~5 + 

a. "8 d. '3 

b. "6 a, "l5 
C. "S f. "25 



AppendlK G 
Addition of Integers (Dlst, Two) 
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ADDITION 

How will we find the sum when one number is a negative 
integer and the other is a positive integer? Let's use the id( 
we have mo far and explore. 

Let's Explore 
1. Can you find the missing number? 



a. 


5 + 3 « 


2 + 




+ "3 » 


2 + 0 


b. 


8 + "5 M 


3 + 




+ "5 - 


3 + 0 


c. 


15 + ~7 -- 


■- 8 + 




_ + "7 » 


8 + 0 


d. 


"15 + 


« "7 


+ 


+ +8 


" "7 + 0 


e. 


"ll + *6 




+ 




^ "4 + 0 


£. 


'b + "*"io 


s "8 


+ 


+ +2 


+ 

-0+2 


g* 


■*"7 + '12 


^+7 


+ 


+ "S 


- 0 + ~5 



EXERCISES 



1- Find the following sums* 

Example t 6 + ^8 ^ 6 + "(6 + 2) 
^ (6 + '6) + "2 
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REVIEW EXERCISES 

1. Find the sums of the following integers. 
' a. ~8 + ~5 

b. "3 + ■^'^ 

c. "7 + **"2 

d. "5 + "8 

e. ■*"l3 + "14 

f . 13 + 5 

g. ■''S + "3 + +5 

h. "4 + ^7 + 

1. "5 + "3 + ■*'io 
j . 9 + "5 + "l 
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a. 3-^2 e, "2 ^ "4 

b. ^3 + ^2 '2 + "^4) 
^4 - ^3 g, ^4 -^2 

d, ^4 + 3 h. "4 + 2 

Did you find out that we can always subtract by adding? If 
we want to subtract a number we can do It by adding its Inversa, To 
subtract 4 from 2^ we can add 2 + "^4. If we want to find 3 - ^2 wa 
can add the Inverse of 2* So the problem can be written '3 + "('2)' 
or '3+2', This is an important property. Let's remember It, 
In the arithmetic of a five-mlnute clock, 
the subtraction k y is the same as the 
addition x + y, (To subtract , we may add 
the additive inverse*) 

EXERCISES 

1. Do these subtractions In fivfi-mlnute clock arithmetic* Do them 
by adding the additive Inverse* 



a. 


2-4 






f. 


"1-3 


b. 


2-0 






g. 


4 - "1 


c. 


0-3 






h. 


4 - "3 


d. 


"3 - 4 






1. 


2 - "3 


e. 


'2-2 






J. 


3 - "4 


Which 


of these 


equations In 


flve-mlnute clock arithmetic are true? 


a. 


3 - 2 = 3 + "2 




e. 


3 - (2 - 3) « 3 + '<2 - 3) 


b. 


"2 + 4 


» ~2 - 


"4 


f. 


3 + "(2 - 3) - 3 + "(2 + "3) 


c. 


"1-3 


- 1 + " 


("3) 


g* 


3 + "(2 + "3) ^ 3 + "2 + 3 


d. 


3 - "2 


- 3 + " 


("2) 


h. 


3 - (2 - 3) ^ 3 + '2 + 3 



/ 
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3. Find the solution sets of these equations in five-minute clock 
arithmetic, ' 

a. X - 3 = 2 + "3 d. 4 - 'x - 4 + 2 

b. 4 + "2 - 4 + "k e. X - "3 = X + 3 

c. 3 - 4 ^ 3 + "x 

Is 2 - 3 the additive Inverse of 3 - 2? (In other words, is it 
true that 2 - 3 = "(3 _ 2)?) 

SUBTRACTION - 

When you studied clock arithmetic you learned about subtraction, 
It Is the opposite of addition. In clock arlthtnetlc every element has 
an additive inverse. We found we could subtract by adding an inverse. 
For example, in the arlthraetlc of the five minute clock 

2 - 3 = 2 + "3 

In the system of Integers all numbers have additive Inverses, 
so we can subtract this same way. In fact, we can define subtraction 
to be the addition of the inverse. 

For any integers x, y the subtraction 
X - y is defined to mean the same as the 
addition x + ~y, (To subtract y from x, 
we add the inverse o£ y to x.) 



Examples : 



4-3«4 + ''3=i 
"5-2 - "5 + "2^ "7 
7 - "3 = 7 + ■''a > 10 
"6' - "8 = "6 + ^8 ^ 2 
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Subtract, writing 


the si 


mplest name 


for your 


result. 


1. 


14 - 7 


8. 


"4 - "9 


15. 


12 - 3 


2. 


"8-3 


9. 


"l2 - "6 


16. 


"5 - 20 


3. 


2 - 10 


10. 


17 - +9 


17. 


"l8 - "a 


4. 


13 - "7 


11. 


+11 - +15 


18. 


"13 - 13 


5. 


2 - "S 


12. 


"6 - +23 


19. 


"20 - '"20 


6. 


"20 - 4 


13. 


+13 - "16 


20, 


"24 - "16 


7. 


"18 - "7 


14. 


"15 - 2 







i 




Appendix 1 



Form A and Form B of Evaluation Instrument 
Developed by Inveatlgmtor 




Appendix I 



TEST. FORM A. 
Jart I. Addition. 



5 + 7 _ 2. +5 + -8 . _ 3. -10 + +7 

7. ■8 + "**ll- 8. "12 + "7 - 



Part II, Subtraction, 
1. 4 - 3 » 



7. *8 - "6 - 



2, 5 - 7 - 



3. 9 - 17 



4. 25 - 18 - 5. ~JL « +1B - , + 



^- 24 -^18 6. +15 _ -16 



8. '*'l5 - "19 « 9. 36-15 



10. +23- -21- __n. -17.-25. 12. -36 --8 

13. -16 - -24 - 14. -27 - "19 - 15. . 

16. "21 - "*"36 - 
Pare III, show your work for each problen below, 

1. 2 1M-3M. 2. 31/8-15/8- 
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5. "5 - r? - '3) 
7. 5 - ("3 - ■*"8) « 
9. +5.-3 



6, (+5 - "8) - *7 

8, ("'■7 - "5) - ■'"a 



10. 



7 - 5 - 3 



ERIC 



156 



TEST. FORM B. 



Part I, Addition. 



1. 6 + 8 » ^ 
4. '"4 + "7 = 
1. "7 + +12 

Part II, Subtraction, 



2. 6 + 7 = 
5. +7 ++2. 
8. "14 + "3 = 



3. 10 + 6 



6. 6 + 4 = 



1. 5 - 2 - 



4. 23 - 17 



7. "^7 "S - 



2, 6-9 



10, '24 - "22 ^ 
13, "14 - "21 = 
16, "22 - ■'■35^ 



5, 23 - "^18 = 

8. *^17 - "I8 = 

11. "I8 - **24 * 

14. "26 - "17 ^ 



3. 
6. 



- 15 m 



14 - "17 ^ 



9. ^36 - 14 ^ 



12, 32-7 



15. 7 - -U ^ 



Part III. Show your work for each problem below, 

1. 3 1/5 - 4/5 » 

3. 375 - 98 ^ 



5. 6 - (-7 - "2) 
7. 7 - ("5 - "^9) ' 
9. *'*5 - "8 - ■'■7 - 



2. 2 1/7-14/7 i 

4, 343 - 199 

6. ("^7 - "8) - ■*"6 

8, C+a - "3) - **"7 

10. "6 - ■*"4 - "2 ^ 




